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EXTRACT OF Morinda lucida LEAF RESCUES HYPOGLYCAEMIC 

AND DYSLIPIDAEMIC CONDITIONS IN Plasmodium berghei-

INFECTED MICE 

ADAM OLAITAN ABDULKAREEM1,4,*, ABDULKAREEM OLAREWAJU BABAMALE2,5, 

ABASS TOBA ANIFOWOSHE6,7, OLUFUNKE ADENIKE OPEYEMI2, NUSIRAT 

OLORIEGBE1, COMFORT ADAMOLEKUN2, SAMSON ADETULA1, ADEOLA 

ADEFOLUKE ALA3 

1Animal Physiology Unit, Department of Zoology, University of Ilorin, Ilorin, Nigeria 
2Parasitology Unit, Department of Zoology, University of Ilorin, Ilorin, Nigeria 
3Animal Physiology Unit, Department of Zoology, University of Ibadan, Ibadan, Nigeria 
4Pharmacology Division, CSIR-Central Drug Research Institute, Lucknow, India 
5Taiwan International Graduate Program in Molecular Medicine, National Yang-Ming Chiao Tung University and 

Academia Sinica, Taipei Taiwan 
6Department of Molecular Reproduction, Development and Genetics, Indian Institute of Science, Bangalore, India 
7Department of Zoology, Faculty of Life Sciences, University of Ilorin, Ilorin, Nigeria 

ABSTRACT 

Increasing drug resistance is a great threat to malaria control. Therefore, a continuous investigation into 

alternative therapy to mitigate malaria-associated damages is important. In this study, we investigated the anti-

hypoglycaemic and anti-hyperlipidaemic effects of aqueous extract of Morinda lucida leaf in Plasmodium berghei-

infected mice. Twenty-five mice were randomly grouped into five: Uninfected, infected-untreated, chloroquine (20 

mg/kg, per oral), and extract-treated (400 mg/kg and 800 mg/kg, respectively, per oral) groups. Fasting blood 

glucose was measured before parasite inoculation and after the last treatment. Blood was collected for lipid profile 

assay at the end of the 4-day treatment. Our results revealed that both chloroquine and the extract lowered 

parasite growth (p <0.05), while chloroquine and 400 mg/kg of the extract improved blood glucose in Plasmodium 

berghei-infection. More so, all the treated groups showed attenuated Plasmodium berghei-induced dyslipidaemia, 

with 400 mg/kg of the extract exhibiting better efficacy. Therefore, this study suggests that Morinda lucida leaf 

extract can be harnessed as a therapeutic regimen for improved malaria treatments and associated complications. 

Further study is recommended to elucidate the mechanism of anti-hypoglycaemic and anti-hyperlipidaemic 

activities of the extract and the possible bioactive compound(s) involved. 

Keywords: Malaria, Hypoglycaemia, Dyslipidaemia, Morinda lucida, Plasmodium berghei. 

INTRODUCTION 

Despite a remarkable reduction in global incidence and 

mortality rate in the previous decade, malaria remains one of the 

life-threatening diseases, especially in sub-Saharan Africa and 

Southeast Asia (WHO, 2020). As of 2018, these regions 

accounted for approximately 85% of global malaria deaths, most 

of which occur in children under five. Meanwhile, Nigeria with 

23%, leads the six most affected countries, followed by the 

Democratic Republic of the Congo (11%). Others include the 

United Republic of Tanzania (5%), Burkina Faso, Mozambique, 

and Niger (4% each) (WHO, 2019). The majority of malaria-

related death in sub-Saharan Africa, including Nigeria, is 

attributed to Plasmodium falciparum (Satish & Ranjana, 2013; 

Oladeji et al., 2020a) with complex pathological progression as 

                                                             
*Corresponding author: abdulkareem.ao@unilorin.edu.ng 

previously reported (Babamale et al., 2017; Geleta & Ketema, 

2016; Plewes et al., 2018). 

During adaptation to the intracellular compartment of the 

host’s erythrocyte, Plasmodium spp. require a large amount of 

glucose. Therefore, they increase their hexose permeability 

through hexose transporter of the erythrocyte for improved 

glucose uptake that then results in reduced host blood glucose 

level -a condition called hypoglycemia, accompanied by 

suppression of erythropoiesis (Zijlmans et al., 2014; Pathak & 

Gosh, 2016). This is the hallmark of several pathological 

conditions such as anaemia, thrombocytopenia, and nutrient 

deficiency that are associated with severe malaria, as reported 

(Slavic et al., 2010; Babamale et al., 2017; Plewes et al., 2018). 

Lipid derangement is another diagnostic and prognostic 

indicator of parasitic infection, including malaria (Mohapatra et 

al. 2014, Kullu et al., 2018). Lipids play crucial roles in 

Plasmodium spp. metabolism, facilitating their proliferation and 

transmission (Gulati et al., 2015; Kilian et al., 2018). Their quest 

1
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for host lipids during the pre-erythrocytic stage of development 

leads to a lipid homeostatic imbalance and hepatocellular 

damage (Warjri et al., 2016). 

Multiple drug resistance has been a major setback in 

combating malaria and its complicated outcome until the 

discovery of Artemisinin-based Combination Therapy (ACT) in 

the 20th century. The efficacy of ACT was again short-lived by 

resistance (WHO, 2015), thus necessitating the continuous 

search for alternative antimalarial drugs that are not only safe but 

are also accessible and affordable. In many African countries, the 

use of medicinal plants and their products has gained tremendous 

recognition as an alternative treatment strategy for many 

infectious diseases, including malaria (Idowu et al., 2010; 

Oladeji et al., 2020b). One of such medically-important plants is 

Morinda lucida- a tropical rainforest plant (family Rubiaceae) 

which occurs throughout the year in the South-Western part of 

Nigeria (Adeneye, 2013; Adeleye et al., 2018; Oladeji et al., 

2020a). 

Despite the wide usage of crude extracts of the plant for 

local malaria treatment in Nigeria (Adebayo et al., 2010, Idih et 

al., 2017; Afolabi & Abejide, 2020), information regarding the 

efficiency of M. lucida on malaria-induced hypoglycaemia and 

dyslipidaemia is scarce. Therefore, this study investigated the 

effect of aqueous leaf extract of M. lucida on blood glucose and 

lipid profile in P. berghei-infected mice. We reported that the 

extract has the potential to ameliorate pathological alterations in 

the glucose and lipid profiles of the infected mice. 

MATERIALS AND METHODS 

Plant collection, identification and extraction 

The fresh leaves of M. lucida were obtained from Rot-Tund 

farms Nigeria investment limited, Ila-Orangun, Osun State, 

Nigeria, and identified at Forest Research Institute of Nigeria, 

Ibadan, Nigeria. The modified method of Ojewunmi et al. (2013) 

was used for the extraction. Briefly, the plant was thoroughly 

washed, air-dried at room temperature, and macerated. 

Macerated leaf (100 g) was soaked in 1000 mL of distilled water 

and stirred intermittently for 24 hours. Thereafter, the mixture 

was filtered with muslin cloth and then with filter paper. The 

filtrate was evaporated to dryness using a rotary evaporator at 

550C. The extract was refrigerated at 4 0C before use.  

Experimental animals 

Twenty-five male Swiss albino mice with an average 

weight of 20g were obtained from the central animal house, 

Department of Anatomy, University of Ibadan, Ibadan Oyo state. 

They were subsequently transferred to the animal house, 

Zoology department, University of Ilorin, for acclimation and 

experimental set-up under standard conditions including free 

access to food and clean water. The rats were handled in 

accordance with the rules and regulations of the Animals Care 

and Use Committee (ACUC) and the Institutional Ethical 

Review Board of the University of Ilorin throughout the study. 

Parasite inoculation 

Plasmodium berghei (ANKA strain)-bearing mice were 

obtained from the laboratory, Biochemistry Department, 

University of Ilorin, Ilorin, Nigeria. 1ml of blood was taken from 

donor mice and diluted with normal saline; such that 0.2 ml of 

the infected blood contained inoculums of 1 × 107 infected red 

blood cells. Twenty out of the total used parasite-free mice were 

inoculated intraperitoneally with 0.2 ml of infected blood and 

parasites were allowed to incubate before treatment commenced. 

Experimental design and animal grouping 

After parasite incubation, the mice were randomly grouped 

as follows: Groups 1 (uninfected) and 2 (infected-untreated): 

received distilled water. Group 3 (chloroquine): infected and 

treated with 20 mg/kg body weight (b.w) chloroquine. Groups 4 

and 5 (extract): infected and treated with 400 mg/kg and 800 

mg/kg b.w aqueous extract of M. lucida leaf, respectively.  Both 

the vehicle (distilled water) and the extract were orally 

administered for 4 days.  

Estimation of parasitaemia and percentage parasite inhibition 

Blood was obtained from the caudal tip of the animals on 

the first treatment day (Day 0), smeared on a clean glass slide, 

and stained with Giemsa for parasite count. The procedure was 

repeated on Days 2 and 4. The parasitaemia and percentage (%) 

parasite inhibition were then determined as previously described 

(Adetutu et al., 2016). 

Blood glucose determination 

The blood glucose was measured by obtaining a drop of 

blood from the tail after a 24hr fast using a Glucometer (Elased 

et al., 1996). Fasting blood glucose was measured before parasite 

inoculation and after the last treatment. 

Lipid profile assay 

Estimations of total cholesterol (TC) and triglyceride (TG) 

were carried out by colorimetric methods, using assay kit 

obtained from Fortress Diagnostics Ltd. (Antrim, United 

Kingdom). High-density lipoprotein (HDL)-cholesterol 

concentration was estimated using the precipitation method of 

Warmick et al. (1982), while low-density lipoprotein (LDL)-

cholesterol was estimated using modified Friedewald’s formula 

(Friedewald et al., 1972).  

RESULTS  

Aqueous extract of Morinda lucida inhibits plasmodia growth in 

P. berghei mice 

The efficacy of malaria therapy is a measurement of its 

ability to reduce the burden of the infection associated with 
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parasite proliferation. Our data in Table 1 show that P. berghei 

infection significantly increased (p <0.05) parasitaemia after a 4-

day curative test. However, treatments with chloroquine (CQ) 

and aqueous leaf extract of M. lucida lowered (p <0.05) the 

parasitaemia and significantly inhibited (p <0.05) parasite 

proliferation (Fig. 1). Percentage parasite inhibition recorded in 

the CQ-treated group (75.88 %) was higher than the values 

observed in groups treated with 400 mg/kg extract (52.79 %) and 

800 mg/kg extract (51.34 %).  

Table 1. Effect of aqueous extract of Morinda lucida on 

parasitaemia (% infected RBC) in Plasmodium berghei-infected 

mice. Both chloroquine and aqueous extract of M. lucida leaf 

significantly lowered parasitaemia in P. berghei-infected mice. 

Parasitaemia(%) 

GROUPS DAY 0 DAY 2 DAY 2 

Uninfected 0.00 ± 0.00 0.00 ± 0.00 0.00 ± 0.00 

Infected untreated 27.32 ± 0.61 36.40 ± 3.58 41.22 ± 3.49* 

CQ 89.95 ± 5.45 27.15 ± 1.73*** 21.70 ± 2.30*** 

400mg/kg 64.60 ± 2.31 56.60 ± 6.57 30.50 ± 1.73** 

800mg/kg 39.25 ± 6.00 34.00 ± 2.31 19.10 ± 1.15* 

* p < 0.05 vs Day 0; ** p < 0.01 vs Day 0; *** p < 0.001 vs Day 0 (n=3). 

 

Figure 1. Inhibitory effect of chloroquine (CQ) and aqueous 

extract of Morinda lucida (Ext) on P. berghei growth in mice. 

There was progressive parasite growth in the infected-untreated 

group, whereas, CQ and Ext significantly inhibited parasite 

growth, on Day 4 post-treatment. Values were expressed as mean 

± S.E.M of 3 mice per group (+++ p < 0.001 vs infected-

untreated). 

Aqueous extract of Morinda lucida improves fasting blood 

glucose and lipid profile 

Hypoglycaemia and lipid derangements are important 

prognostic indicators of malaria complications; hence, 

amelioration of hypoglycaemia and dyslipidaemia offers a better 

treatment option in malarial infection. Our results reveal that, 

Plasmodium berghei infection significantly lowered fasting 

blood glucose level by Day 4 post-treatment (p <0.05) compared 

with the uninfected group (Fig 2). In contrast, both chloroquine 

and 400 mg/kg M. lucida aqueous leaf extract improved the 

fasting blood glucose. On the other hand, total cholesterol (TC) 

and low-density lipoprotein-cholesterol (LDL-c) levels were 

higher (p <0.05) in the infected-untreated group compared with 

the uninfected group (Table 2). Treatments with chloroquine and 

aqueous leaf extract of M. lucida significantly reduced (p <0.05) 

both TC and LDL-c, with the best effect in 400 mg/kg extract. 

No significant differences were observed in triglycerides and 

high-density lipoprotein-cholesterol (HDL-c) levels, though; 

there was a slight decrease in HLD-c level in the infected-

untreated level when compared with the uninfected group which 

was relatively improved in all the treated groups.   

 

Figure 2. Effect of chloroquine (CQ) and aqueous extract of 

Morinda lucida (Ext) on fasting blood glucose in Plasmodium 

berghei-infected mice. P. berghei infection significantly 

decreased (p <0.001) fasting blood glucose in mice while both 

CQ and 400 mg/kg Ext improved the fasting blood glucose after 

4-day treatment. Values were expressed as mean ± S.E.M of 3 

mice per group (** p <0.01 vs pre-inoculation of the same 

group; *** p <0.001 vs pre-inoculation of the same group). 

Table 2. Effect of aqueous extract of Morinda lucida on lipid profile (mg/dL) in Plasmodium berghei-infected mice. Both 

chloroquine and aqueous extract of M. lucida significantly reduced total cholesterol and low-density lipoprotein cholesterol in P. 

berghei-infected mice.  

Parameters (mg/dL) Uninfected Infected-untreated CQ 400 mg/kg Ext 800 mg/kg Ext 

Total Cholesterol  104.4 ± 8.08  143.4 ± 5.19* 100.2 ± 6.35++ 90.75 ± 5.19++ 113.7 ± 5.75  

Triglyceride  62.90 ± 2.88  62.73 ± 1.73  72.93 ± 4.04  63.57 ± 2.88  50.72 ± 4.61  

HDL-c  54.13 ± 2.88  46.69 ± 2.88  47.11 ± 4.04  50.41 ± 2.30  49.59 ± 2.88  

LDL-c  64.92 ± 4.04  109.2 ± 8.08** 67.72 ± 5.19++ 53.25 ± 5.77+++ 74.25 ± 6.92+ 
* p < 0.05 vs uninfected; ** p < 0.01 vs uninfected; +p <0.05 vs infected-untreated; ++p <0.01 vs infected-untreated +++ p < 0.001 vs infected-untreated 

(n=3). HDL-c, high-density lipoprotein-cholesterol; LDL-c, low density lipoprotein-cholesterol. 
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DISCUSSION 

The pathological impact of aqueous leaf extract of M. 

lucida was investigated in this study. The results showed that 

400 mg/kg and 800 mg/kg aqueous extract of M. lucida leaf 

significantly reduced P. berghei proliferation in mice. We also 

showed that the extract (400 mg/kg) improved fasting blood 

glucose and dyslipidaemia in P. berghei infection. 

Comparatively, our findings emphasized that 400 mg/kg of 

aqueous leaf extract of M. lucida efficiently ameliorated P. 

berghei-associated dyslipidaemia better than 800 mg/kg of the 

extract and chloroquine. 

Our findings of a higher curative effect in rats treated 

with 400 mg/kg extract, compared to those treated with 800 

mg/kg, agree with the previous study of Afolabi and Abejide 

(2020) where the lowest of the used doses of M. lucida plant 

extract showed a highest curative effect in P. berghei-infected 

mice. However, 52.79 % parasite inhibition observed in the 

400 mg/kg extract-treated group of this study is lower than the 

83 % curative effect reported in their study. Similarly, the anti-

plasmodial activity of M. lucida leaf extract reported in our 

study is lower than that earlier reported by Idowu et al. (2014). 

The difference in these findings may be due to the different 

extracting solvents used, period of extraction, and/or varied 

sites of leaf collection. Extracting solvent and the geographical 

location of a plant are key important factors that affect the 

quantitative yield of a plant’s bioactive components, thereby 

affecting its presumed medicinal activity (Sultana et al., 2009; 

Gupta et al., 2011). 

Hypoglycaemia is a common complication of malaria in 

pregnant women and children, which increases the risk of 

mortality in them (Ounjaijean et al., 2019). In this study, P. 

berghei infection resulted in decreased fasting blood glucose. 

This concurs with previous findings (Sihabud et al., 2015; 

Ounjaijeana et al., 2018). Although the underlying mechanism 

of hypoglycaemia in malaria is not well understood, increasing 

evidence suggests that suppression of gluconeogenesis by the 

parasites, and the host’s inability to compensate for the 

parasite glucose uptake play major roles (Mehta et al., 2005; 

Zijlmans et al., 2014). Thus, the hypoglycaemia observed in 

this study following P. berghei infection may be attributed to 

increased glucose uptake by the parasite without compensatory 

production in the hosts. Administration of 400 mg/kg aqueous 

extract of M. lucida leaf improved blood glucose level, which 

compares favourably with chloroquine’s effect. The observed 

improvement in blood glucose in the 400 mg/kg administered 

group may imply that the lower dose of M. lucida leaf extract 

enhanced gluconeogenesis in the hosts or it inhibited hexose 

transporter of the infected erythrocytes, thereby decreasing 

glucose uptake by the parasite (Ruan et al., 2012; Ahmad et 

al., 2016). Lipid metabolism is compromised during the 

exoerythrocytic stage of Plasmodium in parenchyma and 

Kupffer cells, leading to alterations in lipid profile and 

subsequently dyslipidaemia (Oluba et al., 2012). The present 

study shows evidence of dyslipidaemia in P. berghei infection. 

This is in conformity with the previous studies that 

demonstrated increased TC and LDL-c in human and rodent 

malaria (Ngou-Milama et al., 1995; Krishna et al., 2009; 

Jacob, 2014) and rodents (Joshua et al., 2020). Treatments 

with both chloroquine and the extract lowered TC and LDL-c 

in P. berghei-infected mice, suggesting the efficiency of the 

extract in mitigating malaria-induced dyslipidaemia. However, 

a better ameliorative effect was observed in the 400 mg/kg 

extract-treated group. This may imply that aqueous extract of 

M. lucida leaf at 400 mg/kg possesses a better therapeutic 

potential to suppress dyslipidaemia in malaria than 

chloroquine. 

Aqueous leaf extract of M. lucida has been previously 

shown to possess flavonoids, among other bioactive 

components (Unekwuojo et al., 2011). Flavonoids are known 

for their antioxidant and anti-inflammatory properties. They 

can also inhibit low-density lipoprotein (LDL) oxidation and 

regulate serum lipid metabolism (Kerry & Abbey, 1997; Chen 

et al., 2011). Therefore, the anti-hyperlipidaemic effect of M. 

lucida leaf extract observed in the present study may be due to 

the bioactive components of the extract, especially flavonoids, 

which then aid in bringing lipid metabolism back to normal. 

CONCLUSION 

This study justifies the common practice of using M. 

lucida crude extracts for malaria treatment in the South-

Western part of Nigeria. It also demonstrates that the aqueous 

extract of M. lucida leaf improved blood glucose and 

ameliorated lipid profile derangement in P. berghei-infected 

mice. We, therefore, suggest that M. lucida leaf extract can be 

harnessed as a therapeutic regimen for better treatment of 

malaria and associated complications. Further study is 

recommended to investigate the mechanism of anti-

hypoglycaemic and anti-hyperlipidaemic activities of the 

extract and the possible bioactive compound(s) involved. 
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ABSTRACT 

Wine is a very rich source of polyphenols and essential elements which have multiple biological activities. This 

study evaluates the total phenolic content (TPC), antioxidant activity (AA) of sixteen wine samples made from 

different grape varieties in the territory of Kosovo and Metohija, mostly from the area of Orahovac and Velika  

Hoča. The obtained results, determined by using the Folin-Ciocalteu assay, showed that wines from territory of 

Kosovo and Metohija are rich in polyphenols, with TPC ranges from 276±16 to 371±46 (white wines) and  1467±32 

to 2823±43 mg gallic acid equivalents GAE/L (red wines). The total antioxidant activities, determined by ABTS 

method, range from 8.7±0.4 to 22.8±0.7 mmol trolox equivalents TE/L for red wines and from 1.3±0.1 to 3.8±0.3 

mmol TE/L for white wines. Elemental content of studied wines showed certain difference between wines from 

nearby regions. 

Keywords: Polyphenols, Antioxidant activity, Wine, Elemental composition. 

INTRODUCTION 

Viticulture and enology are very long-standing in 

Kosovo and Metohija. This region is located in the central part 

of the Balkan Peninsula, in southeastern Europe with an 

average altitude of about 800 m, but with a pronounced height 

change of the relief and morphology. The importance of wine 

cultivation and wine production in the territory of Kosovo and 

Metohija is not at random because the aforementioned 

territory, especially Metohija, has exceptional climatic and 

geographical conditions for its cultivation (Ivanišević & 

Jakšić, 2012). Climatic conditions and soil type are favorable 

for autochthonous grape varieties which are specific for this 

part of Balkan Peninsula (Prokupac, Vranac, Smederevka, 

Ţupljanka, Kraljica, Ţilavka), while other European grape 

varieties like Gamay, Italian riesling, Cabernet sauvignon, 

Merlot, are also adopted to this area. 

Phenolic compounds have long been considered to be 

basic components of wines and over 200 compounds have 

been identified. Wine composition, including the contents of 

phenolic compounds, varies markedly depending on the grape 

cultivar, soil, nutrition, climatic conditions, weather, 

winemaking procedure, and conditions of maturation and 

storage (Stratil et al., 2008). Different grape varieties also 

show a distinct sensory appeal, chemical composition, 

                                                             
*Corresponding author: branka.petkovic@pr.ac.rs 

different quantities of native antioxidants and therefore 

different biological activity (Menković et al., 2014).  The anti-

oxidant activity of wines has been related to their polyphenolic 

constituents and is mainly based on their free radical 

scavenging capacity (Sánchez-Moreno  et al., 1999). The total 

phenols in wines are mainly determined by spectrophotometric 

Folin-Ciocalteu assay (Waterhouse, 2016.) while HPLC is 

widely used for individual identification and quantification of 

polyphenols (Rastija & Medić-Šarić, 2009; Šeruga, 2011). 

Various methods for determination of antioxidant activity 

could be used (mostly spectrometry, then electrochemical 

techniques and chromatography) (Pisoschi & Negulescu, 2011; 

Stratil, 2008). 

It is well known that metals effect on sensorial 

characteristics, flavor and aroma of wine. Chemical 

composition of wine provides viticulturists to control the 

process of vinification in order to obtain high quality wine. 

The presence of some metals in wines such as Al, Zn, Cu, Fe, 

Pb is important for efficient alcoholic fermentation (Stafilov & 

Karadjova, 2006). When considering winemaking and quality 

assurance of branded wines, knowledge of metal is of special 

economic importance (Pohl, 2007) Evaluation of amounts of 

major and trace elements is important for establishment of 

elemental profiles of studied wines. 

According to literature, there is only study of Metohian 

wines in terms of spectrophotometric color characterization 

(Babincev et al., 2016), but there is no report about wine 

quality, considering polyphenols content, antioxidant activity 
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and chemical composition of wines from territory of Kosovo 

and Metohija. Comparison of this results and literature data for 

wines from neighboring regions and countries, bearing in mind 

varieties of grapes from which the wines were made, could 

offer interesting and important facts.  

EXPERIMENTAL 

Chemicals and apparatus  

Gallic acid (3,4,5-trihydroxybenzoic acid), Folin-

Ciocalteu reagent, trolox (6-hydroxy-2,5,7,8-

tetramethylchroman-2-carboxylic acid) and ABTS (2,2’-

azinobis-(3-ethylbenzothiazoline)-6-sulfonic acid) were 

products of Sigma Aldrich, Germany. All the other chemicals 

were analytical grade. 

Spectrophotometric measurements of colour, TP and AA 

determination of wine samples were done on Rayleigh VIS-

7220G/UV-9200 Spectrophotometer (Beijing Beifen-Ruili 

Analytical Instrument Group Co. Ltd. 

Inductively Coupled Atomic Emission Spectrometer, 

ICP-OES (iCAP 6500 Duo Thermo Scientific, UK) and 

inductively coupled plasma mass spectrometer (ICP-Q-MS, 

Thermo Scientific Xseries 2, UK) were used for determination 

of major and trace elements, respectively. ICP multi-element 

stock solutions (VHG standards, Manchester, UK) containing 

1000 mg/L were used as stock solution for calibration. Mix of 
6Li, 45Sc, 115In and 159Tb (VHG standards, Manchester, UK) 

were used as internal standards for ICP MS measurements.  

Wine samples 

The basic data about wine samples (vintages 2012, 2013 

and 2015) are presented in Table 1. Most of samples are from 

Velika Hoča and Orahovac. Four white wines are analyzed 

(samples 2, 4, 5, and 16), one is rose (12) and the others are 

red. Two wines are commercially available: sample No 12, 

Duša Metohije, from private winery of Lj. Đurišić and sample 

No 13, Manastirsko Dečansko. Other wines are produced in 

domestic production or small private (or monastery) wineries. 

All wines are stored in the refrigerator to +4 °C, and filtered 

through syringe filter before determination. pH of wine 

samples ranged from 3.19-3.84. 

For determination of elements content in wine, samples 

were diluted (1:10) with water containing 2 % (v/v) of nitric 

acid (Merck, Germany). Standards were prepared with 1% 

(v/v) ethanol and 2% (v/v) nitric acid and in order to provide 

the same matrix as in samples. 

Determination of total phenolic content 

The total phenolic content of wines was determined by 

using the Folin-Ciocalteu assay. The standard solutions of 

gallic acid (50, 100, 150, 250 and 500 mg/L) were prepared. 

Folin-Ciocalteu’s phenol reagent and 25% Na2CO3 solution 

were added according the procedure (Waterhouse, 2016.) to 

each standard solution and to the reagent blank. After 

incubation for 90 min at room temperature in the darkness, the 

absorbance against prepared reagent blank was determined at 

750 nm. Total phenolic content of wines was expressed as mg 

of gallic acid equivalents GAE/L. 20μL of sample was added 

for red wines determination, and 200μL for white wines. All 

samples were analyzed in triplicates. 

Table 1. Basic facts about wine samples. 

Sample Wine color Grape variety Area, winery 

1 Red Vranac Velika Hoča 

2 White Smederevka Velika Hoča 

3 Red Prokupac, Vranac Velika Hoča 

4 White Ţupljanka Velika Hoča 

5 White Italian riesling Orahovac 

6 Red Prokupac, Vranac, 
Gamay 

Orahovac 

7 Red Cabernet sauvignon Velika Hoča 

8 Red Vranac Velika Hoča 
Hoča wine d.o.o. 

9 Red Gamay Velika Hoča 
Hoča wine d.o.o. 

10 Red Merlot Velika Hoča 

11 Red Tamjanika / 

(Muscat) 

Kosovska Kamenica 

12 Red Vranac, Cabernet 
sauvignon, Gamay, 

fruit aromas 

Velika Hoča 
Hoča wine d.o.o. 

13 Red Cabernet 

sauvignon, Merlot, 
Gamay, Vranac 

Orahovac 

Monastery winery 

14 Red Prokupac Orahovac 

15 Red Vranac Gračanica 
Monastery winery 

16 White Kraljica, Ţilavka, 
Tamjanika/ 

(Muskat) 

Gračanica 
Monastery winery 

Determination of antioxidant activity 

ABTS test was performed according to the literature 

(Cavuldak et al., 2013). ABTS radical is obtained by 

incubating an aqueous solution of 7 mmol/L ABTS with 2.45 

mmol/L K2S2O8 for 12-16 hours in the dark, at room 

temperature. ABTS˙+ radical solution was prepared freshly on 

the day of analysis by diluting the stock solution with 

phosphate buffer (PBS), to an absorbance of 0.70 ± 0.02 at 734 

nm. The sample volume of 0.1 cm3 (differently diluted 

depending on the sample) was added to 3.9 cm3 of the working 

solution of ABTS radical, the solution was mixed well and 

allowed to stand for 6 minutes in a dark place, and absorbance 

was measured. Standard Trolox solutions (5–20 mmol/L) were 

also evaluated against the radical in order to obtain a 

calibration curve. Results are expressed as Trolox Equivalent 

Antioxidant Capacity (TEAC). 
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Determination of elemental composition 

Seventeen elements, including major (Ca, Mg, Na, K, Rb, 

Fe) and trace (Mn, Cu, Zn, V, Co, Ni, Cd, Ba, Cr, Se and Pb) 

elements, in a set of 16 wine samples were analysed. The 

analytical lines used for each element, the limit of detection 

(LOD) as well as ICP OES instrumental conditions are shown 

in Table 2. Also, measured isotopes and instrument operating 

conditions for ICP MS determination are given in Table 2.  
 

Table 2. Instrument operating conditions for ICP-OES and 

ICP-Q-MS. 

ICP- OES 

Nebulizer Concentric 

Spray chamber Cyclonic 

Rf power (W) 1150 

Principal argon flow rate 

(L/min) 

12 

Auxiliary argon flow 

rate (L/min) 

0.5 

Nebulizer argon flow 
rate (L/min) 

0.5 

Sample flow rate 
(mL/min) 

1 

Selected wavelengths 
(nm) 

Fe (259.9); Na (589.5); Ca (373.6); 
Mg (279.5); K (766.4); Rb (780.0) 

Detection limits (µg/L) Fe (0.2); Na (0.2); Ca (0.3); Mg (0.2); 
K (0.4); Rb (0.1) 

ICP-Q-MS 

Rf power (W) 1548 

Gas flows (L/min) 13.9;1.09;0.8 

Acquisition time 3 x 50s 

Points per peak 3 

Dwell time (ns) 10 

Detector mode Pulse 

Measured isotopes 51V, 59Co, 60Ni, 63Cu, 66Zn, 111Cd, 
137Ba, 208Pb, 52Cr, 55Mn, 78Se 

Detection limits 

(µg/L) 

V (0.02), Co (0.02), Ni (0.3), Cu 

(0.2), Zn (0.4), Cd (0.05), Ba (0.02), 
Pb (0.1), Cr (0.3), Mn (0.4), Se (0.2)  

RESULTS AND DISCUSION 

Determination of elemental composition 

Results for total phenol content expressed in gallic acid 

equivalents and antioxidant activity expressed as TEAC for 

studied wine samples were presented in Table 3. TPC in red 

wines varied from 1467±32 to 2823±43 mg/L of GAE, and the 

highest value was for wine produced from Vranac grape 

variety in 2012. The reason could be that 2012 year was very 

successful enology year in this area. Sample No 1 with 

2595±22 mg/L of GAE was also made from Vranac grape 

variety in 2015, while wine No 12, Duša Metohije, had a 

highest TPC for year 2013, and it was made from Vranac, 

Cabernet sauvignon, Gamay and fruits. Hence, all the red 

wines, with the exception of two samples made from varieties 

Merlot and Cabernet Sauvignon, have a polyphenol content 

between about 1900 and almost 2900 mg/L GAE. As usual, 

white wines had a much lower TPC then red ones, and TPC 

was in the range of (276±16 - 371±46 mg/L GAE). The 

highest content of TPC for white wines was found for wine 

made from Ţupljanka grape variety. Should be noted that the 

sample number 11, made from Tamjanika (domestic name for 

Muscat de Frontignan variety), have properties of rose wine, 

because its colour and phenolics content are between red and 

white wines. It is interesting that wine from native cultivar 

Prokupac at Metohija territory showed much higher TPC then 

it was reported for Prokupac wine from central Serbia and the 

phenolic content was higher than in wines from Merlot and 

Cabernet Sauvignon cultivators, contrary to Atanacković et al. 

(Atanacković et al., 2012). Merlot from Istria region, Croatia 

(2005/2006), had a TPC of 1260±23 (Šeruga et al., 2011) 

while for Cabernet Sauvignon (1998) and Merlot (1998) 

grown in Croatia were fond 2402 and 3087 mg/L GAE, 

respectively (Katalinić et al., 2004). Croatian wines like Ivan 

Dolac and Dingač, made from native variety Plavac mali had a 

TPC greater than 3000 mg/L GAE (Šeruga et al., 2011; 

Katalinić et al., 2004).  

Table 3. Total phenolic content and antioxidant activity of 

wines from Kosovo and Metohija. 

Sample TPC 

mg/L GAE 

AA, TEAC 

mmol TE/L 

1 2595±22 19±0.5 

2 315±35 2.7±0.4 

3 1909±28 12±0.8 

4 371±46 3.8±0.3 

5 295±18 1.8±0.6 

6 2400±37 17.2±0.7 

7 1613±25 9.8±0.3 

8 2823±43 22.8±0.7 

9 1918±19 12.5±0.5 

10 1467±32 8.7±0.4 

11 808±11 4.2±0.2 

12 2203±26 16±0.5 

13 2041±32 15.8±0.6 

14 1901±34 15±0.2 

15 2099±27 15.2±0.4 

16 276±16 1.3±0.1 
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TPC contents of Metohija wines made from Smederevka, 

and Vranac cultivator were higher than reported in 

neighboring Macedonia (1382±38.2 and 1515±27.6 mg/L 

GAE) (Ivanova et al., 2010). Based on these results, it can be 

concluded that conditions in Metohija are very appropriate for 

Vranac, Gamey, Prokupac, Ţupljanka and Smederevka 

cultivars, and wines from Vranac variety certainly had highest 

content of polyphenols. 

Antioxidant activity (AA) is strongly dependent of the 

type and structure of poliphenols present in wines. AA for 

studied red wines ranged from 9.8±0.3 to 22.8±0.7 TEAC and 

for white wines from 1.3±0.1 to 3.8±0.3 mmol TE/L. The 

lowest antioxidant activity was found for wine samples 7 and 

10, made from Cabernet sauvignon and Merlot grape variety. 

There was a strong correlation between total phenol content 

(correlation coefficients was R=0.9727). 

Elemental profile of wines 

Seventeen elements, including major (Ca, Mg, Na, K, Rb, 

Fe) and trace (Mn, Cu, Zn, V, Co, Ni, Cd, Ba, Cr, Se and Pb) 

elements, in a set of 16 wine samples were analysed. The 

results together with summarized parameters (mean, median, 

minimum, maximum value and standard deviation) obtained 

for element content in wine samples presented in Table 4 and 

5. 

The most abundant element in all analysed wine samples 

was potassium, with content ranging from 300 mg/L (sample 

16, white wine from Gračanica Monastery winery) to 657 

mg/L (sample 7, red wine from winery Velika Hoča). The 

obtained results are in accordance with values reported in the 

literature (Raţić & Onjia, 2010; Đurđić et al., 2017). The 

highest concentration of potassium in wines could be 

explained by the fact that it is an essential element for plants, 

as well as the application of fertilizers on the basis of this 

metal (Rodrigues et al., 2011). The content of K in the wine 

also depends on the grape variety, climatic conditions, soil and 

fermentation temperature. The elements Mg and Ca showed 

high mean concentrations 89.1 and 62.7 mg/L, respectively. 

Values obtained for Mg and Ca are similar with results 

obtained for Macedonian (Ivanova-Petropulos et al., 2013), 

other Serbian (Đurđić et al., 2017) and Croatian wines 

(Vinković Vrček et al., 2011). 

In this study, results for Rb ranged from 2.08 to 6.27 

mg/L, which are higher compare to results obtained by (Geana 

et al., 2013) for Romanian red and white wines (0.783 mg/L 

and 1.050 mg/L, respectively) and for other Serbian wines 

(0.28 to 4.70 mg/L) (Đurđić et al., 2017). Alkaline earth metals 

and Rb are less affected by technological factors, so they could 

be the most relevant elements for geographical origin 

authentication (Pohl, 2007). 

Sodium was present with mean value of 13.29 mg/L. 

These results are lower than literature data where high 

concentrations of Na in wines explained by small distance 

from the sea (Iglesiaset al., 2007) but in agreement with results 

obtained for Macedonian wine (Ivanova-Petropulos et al., 

2013), other Serbian (Đurđić et al., 2017) or German wine 

(Thiel & Danzer, 1997) report that the different elemental 

content might provide for differences in the process of 

vinification, difference occurs due to longer contact skin and 

seeds of grapes with juice during the production of red wines. 

Table 4. Results of major elements composition in wine 

samples. 

mg/
L 

Fe K Mg Ca Na Rb 

1 2.9 
± 0.03 

452  
± 3 

116.4  
± 0.1 

79.5  
± 0.6 

4.2  
± 0.4 

5.2  
± 0.2 

2 0.75  
± 0.03 

452 
 ± 2 

50.3  
± 0.3 

67.5 
±0.5 

3.8  
± 0.3 

4.1  
± 0.2 

3 0.23  

± 0.01 

573 

 ± 4 

105.7  

± 0.2 

59.5  

± 0.6 

5.5  

± 0.4 

4.3 

 ± 0.2 

4 0.19  

± 0.03 

462  

± 4 

72.6  

± 0.3 

48.1  

± 0.6 

4.1  

± 0.4 

3.5  

± 0.2 

5 1.86  

± 0.03 

451  

± 3 

70  

± 0.3 

74.8  

± 0.5 

6.2  

± 0.4 

3.1  

± 0.2 

6 3.32  
± 0.02 

618  
± 5 

89.7  
± 0.2 

42.6  
± 0.5 

1.5  
± 0.4 

2.1  
± 0.2 

7 9.00  
± 0.01 

657  
± 5 

137.3  
± 0.1 

44.4 
±0.6 

2.8  
± 0.4 

6.3  
± 0.2 

8 2.62  
± 0.03 

588 
 ± 3 

105.2  
± 0.1 

58.3  
± 0.1 

2.4  
± 0.4 

4.7  
± 0.2 

9 2.17  

± 0.01 

379 

 ± 3 

116.1  

± 0.1 

70.7  

± 0.5 

1.9  

± 0.5 

4.4  

± 0.2 

10 2.37  

± 0.01 

426 

 ± 4 

102.6  

± 0.1 

77.5  

± 0.4 

2.2  

± 0.4 

4.4  

± 0.2 

11 0.44  

± 0.05 

623 

 ± 5 

75.0  

± 0.3 

125.6  

± 0.1 

91.9  

± 0.1 

4.3  

± 0.2 

12 3.14  
± 0.03 

502 
 ± 6 

73.7  
± 0.3 

54.7  
± 0.1 

2.7  
± 0.4 

3.4  
± 0.2 

13 2.34  
± 0.03 

456 
 ± 4 

87.7  
± 0.3 

48.1  
± 0.5 

7.5  
± 0.4 

5.1  
± 0.2 

14 2.64  
± 0.03 

486  
± 5 

72.8  
± 0.2 

47.2  
± 0.6 

50.8  
± 0.4 

4.7  
± 0.2 

15 2.69  

± 0.03 

548 

 ± 6 

86.0  

± 0.1 

28.9  

± 0.4 

7.2  

± 0.4 

4.8  

± 0.2 

16 2.47  

± 0.03 

300  

± 3 

64.9  

± 0.3 

76.2  

± 0.4 

17.9  

± 0.4 

4.4  

± 0.2 

mea

n 

2.45 499 89.1 62.7 13.3 4.3 

med
ian 

2.42 475 86.8 58.9 4.1 4.4 

max 9.00 656 137.3 125.6 91.9 6.3 

For Zn and Mn the mean values were 864.3 and 1176 

µg/L, respectively. The content of Zn and Mn could be 

influenced by agricultural practices or by metal containers 

used during ageing stages. White wine from Orahovac has 

high content of Zn compared to other samples (4413.0 µg/L). 

It can be explained with long contact of the equipment and 

wine during the process of vinification, as well as with the use 

of pesticides in agricultural practices (Greenough et al., 2005). 

The variation of Cu content in wine samples is relatively high 

(Table 5), ranged from 28 µg/L (sample 15) to 1108 µg/L 
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(sample 7), red wine from Gračanica Monastery winery and 

red wine from Velika Hoča, respectively. This may originate 

mainly from Cu accumulation in soil of using Bordeaux 

mixture or other copper-based fungicides (Raţić & Onjia, 

2010). We do not have information on whether the used 

Bordeaux mixture, but assume it is used because it is the most 

common tool used in agriculture. Copper can also be found in 

the wines from the use of equipment based on this metal 

(Ivanova-Petropulos et al., 2013). 

Table 5. Results of trace elements composition in wine samples. 

µg/L Ba Cd Co Cr Se Ni Pb Mn Cu Zn V 

1 159.6 

±0.1 

2.15 

±0.03 

0.02 

±0.02 

6.06 

±0.03 

0.83 

±0.02 

133.1 

±0.4 

45.3  

±0.8 

1389 

±6 

686  

±6 

712.9 

±0.5 

0.82 

±0.02 

2 111.1 

±0.1 

13.51 

±0.03 

4.59 

±0.06 

5.26 

±0.02 

0.20 

±0.02 

101.3 

±0.4 

54.6  

±0.8 

1845 

±5 

338  

±6 

146.5 

±0.5 

5.08  

±0.02 

3 124.1 

±0.1 

1.67 

±0.03 

2.07 

±0.02 

6.23 

±0.03 

0.86 

±0.02 

94.8  

±0.4 

93.1  

±0.8 

881  

±9 

194  

±6 

153.5 

±0.5 

2.31 

±0.02 

4 38.6  
±0.1 

1.42 
±0.03 

0.59 
±0.08 

3.59 
±0.02 

1.29 
±0.02 

68.0  
±0.4 

28.4  
±0.8 

761  
±7 

170  
±6 

710.3 
±0.5 

0.67 
±0.02 

5 40.1  
±0.1 

1.94 
±0.03 

2.32 
±0.06 

5.26 
±0.02 

0.89 
±0.02 

59.1  
±0.4 

50.7  
±0.8 

1051 
±6 

235  
±6 

4413.0 
±0.5 

0.77 
±0.02 

6 60.0  
±0.1 

1.01 
±0.03 

4.26 
±0.02 

7.23 
±0.01 

1.21 
±0.02 

44.0  
±0.4 

52.1  
±0.8 

750  
±6 

60  
±6 

596.2 
±0.5 

0.02 
±0.02 

7 86.8  

±0.1 

1.69 

±0.03 

1.96 

±0.02 

10.32 

±0.02 

2.60 

±0.02 

56.9  

±0.4 

133.4  

±0.8 

1405 

±5 

1108 

±6 

822.7 

±0.5 

1.22 

±0.02 

8 101.8 

±0.1 

1.42 

±0.03 

3.04 

±0.02 

6.89 

±0.04 

1.56 

±0.02 

60.4  

±0.4 

39.1  

±0.8 

1360 

±5 

351  

±6 

765.3 

±0.5 

0.86 

±0.02 

9 94.8  

±0.1 

1.86 

±0.03 

2.09 

±0.03 

6.85 

±0.04 

1.30 

±0.02 

75.6  

±0.4 

64.3  

±0.8 

1365 

±6 

88 

 ±6 

604.2 

±0.5 

0.02 

±0.02 

10 92.4  
±0.1 

1.83 
±0.03 

0.47 
±0.06 

8.98 
±0.04 

0.27 
±0.02 

66.5  
±0.4 

45.6  
±0.8 

1246 
±6 

64  
±6 

2381.0 
±0.5 

0.56 
±0.02 

11 128.3 
±0.1 

3.03 
±0.03 

0.04 
±0.02 

3.74 
±0.02 

0.20 
±0.02 

26.8  
±0.4 

59.6  
±0.8 

755  
±8 

312  
±6 

284.4 
±0.5 

2.39 
±0.02 

12 90.9  
±0.1 

1.45 
±0.03 

3.64 
±0.02 

17.61 
±0.02 

0.20 
±0.02 

87.5  
±0.4 

30.8  
±0.8 

1422 
±3 

29  
±6 

181.5 
±0.5 

4.96 
±0.02 

13 129.8 

±0.1 

1.21 

±0.03 

5.11 

±0.03 

14.49 

±0.02 

0.18 

±0.02 

98.2  

±0.4 

26.7  

±0.8 

1257 

±6 

65  

±6 

258.1 

±0.5 

1.75 

±0.02 

14 170.6 

±0.1 

1.66 

±0.03 

6.65 

±0.03 

5.57 

±0.02 

0.20 

±0.02 

76.0  

±0.4 

56.4  

±0.8 

1313 

±6 

45  

±6 

35.8  

±0.5 

0.02 

±0.02 

15 76.1  

±0.1 

5.33 

±0.03 

3.33 

±0.02 

12.31 

±0.02 

2.26 

±0.02 

31.0  

±0.4 

78.1  

±0.8 

989  

±6 

28  

±6 

419.3 

±0.5 

0.89 

±0.02 

16 49.5  
±0.1 

7.60 
±0.03 

2.63 
±0.02 

7.41 
±0.02 

0.05 
±0.02 

54.6 
 ±0.4 

145.9  
±0.8 

1024 
±5 

124  
±6 

1345.0 
±0.5 

1.19 
±0.02 

mea
n 

97.2 3.05 2.85 7.99 1.11 70.9 62.7 1176 205 864.4 1.81 

medi
an 

93.6 1.76 2.63 6.87 1.05 67.2 53.3 1252 106 600.2 1.19 

max 170.6 13.5 6.65 17.61 2.60 133.1 145.9 1845 1108 4413 5.09 

min 38.6 1.01 0.02 3.59 0.05 26.8 26.7 750 28 35.8 0.56 

sd 39.3 3.28 1.82 3.90 0.78 27.6 34.7 305 265 1107 1.54 

CONCLUSION 

In summary, for the first time characterization of wine 

samples from this region was given. It is shown that these 

wines are rich with polyphenols, especially cultivar Vranac, 

often presented in this region as variety for domestic, small 

wine producers. This region could be also favorable for the 

autochthones cultivars such as Ţupljanka (white wine) and 

Prokupac (red wine) which results shows higher content of 

important nutrients compared with these wines from other 

Balkan regions. Quality data of wines produced in this 

historically important viticulture region could significantly 

contribute to the nowadays development, certification and 

commercialization of wines bearing in mind that existing small 

private wineries and wine producers which produce high-

quality wine mainly have domestic or local significance and 

rarely place their wines in the European markets. 
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ABSTRACT 

Wildfire is one of the most dangerous environmental stressors in most vegetation zones worldwide. Determining 

and monitoring this stressor is important because of the disturbances that occur during the burning of biomass in 

ecosystems, as well as because of the damage or suffering of organisms. In the last decade, a greater number of 

wildfires and burnt areas were recorded in Southern Europe and Montenegro. Therefore, it is important to 

develop optimal methodology and models to help in better management of forest protection against wildfire. The 

spatial component in firefighting plays a significant role in management. In this context, Remote Sensing and 

Geographic Information Systems (GIS) come to the fore, which analyze spatial data and turn it into useful 

information - models applied in practice. The study aims to geospatial assess condition of vegetation pre-wildfire 

and post-wildfire in study area of the Luštica peninsula in Montenegro during the summer of 2017. Open and 

publicly available Sentinel 2 satellite was used. The scaled index differenced Normalized Burn Ratio (dNBR) of 

burned vegetation was applied as an indicator for assessing the state of vegetation after a wildfire in the open 

source software Quantum GIS (QGIS). The results of the damage assessment of the burned area based on the 

applied scaled index reveal that the category of low severity occupies an area of 335.86 ha (7%), moderately-low 

severity 250.13 ha (5%), moderately-high severity 406.22 ha (8%), high severity 238.03 ha (5%). The unburned 

areas occupy an area of 3624.95 ha (75%). This study contributes to assessing vegetation conditions and other 

accompanying activities pre-wildfire and post-wildfire using modern open-source geospatial tools.  

Keywords: Wildfire, GIS, Remote sensing, Burned vegetation, Montenegro. 

INTRODUCTION 

Wildfire (Pavelek et al., 2017) or wildland fire 

(Eskandari, 2017) burns without control in a natural 

environment where the main and primary fuel is vegetation 

(Marić et al., 2021). 

Wildfire is the one of most hazardous natural disasters 

(Bonazountas et al., 2005). It is also one of the most dangerous 

environmental stressors today. It is a significant disorder 

where a large part of the biomass is combusted and burned, 

and due to intensive exposure to heat and toxicity, organisms 

can be killed or damaged (Freedman, 2015; Potić et al., 2017). 

Their impact on the physical and biological environment 

is hard to underestimate; they affect land use and land cover, 

ecosystems, biodiversity, natural disasters and contemporary 

climate change. As such, they influence and somewhat 

determine the socio-economic system of the areas in which 

they appear (Lukić et al., 2017; Adaktylou et al., 2020). 

During the last decade, a large number of forest fires 

affected the area of southern Europe, as well as Montenegro. 

The previous wildfire protection system in Montenegro, 

especially in the coastal region of Montenegro, was 
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inadequate. Given that it does not produce results, one could 

safely conclude that it is dysfunctional (Ministry of the Interior 

of Montenegro, 2021). 

Therefore, it is important to develop optimal 

methodology and models to help in better management of 

forest protection against wildfire. The spatial component in 

firefighting plays a significant role in management. In this 

context, Remote Sensing and Geographic Information Systems 

(GIS) come to the fore, which analyze spatial data and turn it 

into useful information - models applied in practice 

(Valjarević & Ţivković, 2016; Jovanović et al., 2018; Potić & 

Šimunić, 2019; Milanović et al., 2009, 2016, 2019, 2020; 

Šiljeg et al., 2017, 2021 Artan & Spalević, 2020; Durlević et 

al., 2021; Ćurić et al., 2022). 

Remote sensing enables the use of various tools, which 

with the help of recordings from several periods ensure users 

the identification of changes and the quantification of losses 

after wildfire. Due to their high spatial (10 m) and temporal (5 

days) resolutions, the time series of images of the Copernicus 

satellite SAR Sentinel 1 (S-1) and the optical Sentinel 2 (S-2) 

provide a great opportunity to monitor vegetation areas. Unlike 

most SAR data (e.g. RADARSAT-2 or TerraSAR-X) and 

optical satellite platforms (e.g. SPOT, Planet, WorldView 2,3) 

this data is free and available for use without restrictions 

(Jovanović et al., 2021). 
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The application of Normalized Burn Ratio (NBR) and 

differenced Normalized Burn Ratio (dNBR) indices using 

satellite images has been the subject of many studies in various 

wildfire-affected landscape areas and is considered to be 

effective for identifying damage to burned areas (Roy et al., 

2006; Miller & Thode, 2007; Keeley, 2009; Veraverbeke et al., 

2010; Parker et al., 2015; Potić et al., 2016, 2017, 2019; 

Jovanović & Ţupan 2017; Santos et al., 2020; Alcaras et al., 

2022; Ponomarev et al., 2022). 

This study aims to geospatial assess condition of 

vegetation pre-wildfire and post-wildfire in study area of the 

Luštica peninsula in Montenegro during the summer of 2017. 

Open and publicly available Sentinel 2 satellite data were 

used. The scaled index dNBR of burned vegetation was 

applied as an indicator for assessing the state of vegetation 

after a wildfire in GIS open-source software Quantum GIS 

(QGIS). 

MATERIALS AND METHODS 

Study area 

This study was conducted for the area of the Luštica 

peninsula (Figure 1), which is located in the coastal area of 

Montenegro at the entrance to the Bay of Kotor (42°21′42″ - 

42°25′55″ N, 18°32′50″ - 18°42′36″ E). It covers an area of 48 

km2. The territory of the peninsula belongs to the 

municipalities of Tivat and Herceg Novi. The most widespread 

is the karst type of relief formed by banked and layered 

limestones, and less often dolomite, in the central part it has 

the character of an undulating plain with several scarps, 

sinkholes and coves. The coast is characterized by numerous 

bays, cliffs, capes and coves with several beaches. The climate 

has all the characteristics of the Mediterranean. 

 

Figure 1. Location map of Luštica. 

Typical Mediterranean vegetation has developed on Luštica. 

Maquis is the dominant type of vegetation. A set of specific 

and varied natural and cultural landscapes (Figure 2) 

characterizes the entire geospace making a unique and 

harmonious whole of natural, semi-natural, cultural and 

recognizable remains of olive cultivated area (Ĉurović et al., 

2019). 
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Figure 2. Landscape map according to CLC 2012. 

Input data 

Open-source and free-of-charge Sentinel-2 satellite 

images are provided by ESA (European Space Agency) 

through the constellation of Sentinel-2A and Sentinel-2B 

satellites. For this study, images from the Sentinel-2A satellite 

are used. Band characteristics with resolution and central 

wavelengths are found in Table 1. The Copernicus program 

continuously monitors the Earth through Sentinel satellites. 

These satellite images from the geospatial database are the 

main data acquisition channel for risk and recovery mapping 

(ESA, 2015). 

For the purposes of this study, two Sentinel-2A data sets 

were used: the first data set refers to July 14, 2017, and 

represents the pre-wildfire scenario. While the second one was 

acquired on August 23, 2017, and represented the scenario 

post-wildfire.  

Methodology 

Geospatial modeling process of selected Sentinel-2A 

images for geospatial assessment of vegetation condition pre-

wildfire and post-wildfire implemented in open-source GIS 

software Quantum GIS (QGIS) 3.18.2.  

Both images were resampled using the cubic convolution 

method, so they are oriented towards the north and 

georeferenced projection coordinate system of the universal 

transverse Mercator projection (UTM 34N) on the WGS84 

rotation ellipsoid (EPSG:32634) and stored in raster GeoTIFF 

format. The images are cropped within the boundaries of the 

Luštica peninsula for easier further processing using tool 

Extract by Mask. 

The Normalized Burn Ratio (NBR) was developed to 

help identify areas affected by wildfire and assess the damage 

to those areas (Equation 1) (García & Caselles, 1991). The 

Differenced NBR (dNBR) is a scaled index of the magnitude 

of changes caused by wildfire in a certain area and is used as a 

descriptive measure of environmental change (Equation 2) 

(Key & Benson, 1999, 2004; Twele, 2004). Finally, the NBR 

and dNBR were calculated in Raster Calculator using 

expressions: 

 

 






NIR SWIR
NBR

NIR SWIR
                                                     (1) 

 pre postdNBR NBR NBR                                                (2) 

Obtained raster values after implementation expressions 

were reclassified according to the standardized dNBR 

categories from Table 2 for easier quantitative and visual 

interpretation of the results using Reclassify by Table tool. 

After that, the reclassified raster values were converted to a 

vector using Raster to Polygon tool for calculation of the area 

for the categories. In the end, the areas were calculated for all 

categories in Attribute Table in Field Calculator. 

Table 1. Features of Sentinel-2A images. 

Sentinel-2A 

Band Central 

Wavelength (µm) 

Resolution (m) 

B1-Coastal 

Aerosol 

0.443 60 

B2-Blue 0.490 10 

B3-Green 0.560 10 

B4-Red 0.665 10 

B5-Red Edge1 0.705 20 

B6-Red Edge2 0.740 20 

B7-Red Edge3 0.783 20 

B8-NIR 0.842 10 

B8A-Narrow NIR 0.865 20 

B9- Water Vapor 0.945 60 

B10-SWIR Cirrus 1.375 60 

B11-SWIR1 1.610 20 

B12-SWIR2 2.190 20 

*Source: ESA, 2015 

Table 2. Value range of the dNBR to classify fire severity.  

dNBR value range Wildfire severity 

<0.099 Unburned  

0.100 - 0.269 Low severity 

0.270 - 0.439 Moderate-low 

severity 

0.440 - 0.659 Moderate-high 

severity 

>0.660 High severity 

*Source: ESantos et al., 2020; Ponomarev et al., 2022 

RESULTS 

The results of geospatial assessment reveal (Table 3) that 

the dNBR category of low severity occupies an area of 335.86 

ha (7%), moderately-low severity 250.13 ha (5%), moderately-
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high severity 406.22 ha (8%), high severity 238.03 ha (5%). 

The dNBR category of unburned areas occupy an area of 

3624.95 ha (75%). In order to simplify the spatial layout and 

scope, an overview map was created (Figure 3). 

The maximum value of dNBR for burned areas was 1.07, 

the minimum value was 0.100, the mean value was 0.467, and 

the standard deviation was 0.208. Figure 4 shows the 

dependence (distribution) of dNBR value of each image pixel 

and frequency. The most frequent value was 0.617. 

 

Figure 3. Overview map according to dNBR categories. 

Table 3. Results according to dNBR categories. 

Wildfire severity ha % 

Unburned 3624.95 75 

Low severity 335.86 7 

Moderate-low 

severity 

250.13 5 

Moderate-high 

severity 

406.22 8 

High severity 238.03 5 

 

 

Figure 4. Graph of frequency. 

DISCUSSION AND CONCLUSION 

From geospatial assessment results, one can gain an 

insight into the harmful effects of wildfire activities on the 

vegetation cover. Information on vegetation condition post-

wildfire in the study area can be significant for continuous 

monitoring of the environment and assessment of vegetation 

succession (Brovkina et al., 2020; Pešić et al., 2020). 

This kind of geospatial assessment using the dNBR index 

has been validated many times in different geographical 

conditions, and its high efficiency has been widely discussed 

in previous studies (Jovanović & Ţupan 2017; Potić et al., 

2017; Llorens et al., 2021; Alcaras et al., 2022; Ponomarev et 

al., 2022). This study shows the possibility of assessing 

vegetation's condition pre-wildfire and post-wildfire based on 

Sentinel-2a satellite images in a QGIS environment using the 

dNBR index. 

There are numerous advantages of this assessment: the 

possibility of using it in different geographical conditions, fast 

research for a large area, continuous monitoring of the 

environment, using open-source geospatial data and software 

without restrictions, easy possibilities of obtaining the results 

of the assessment with cartographic presentation in a GIS. In 

addition, this approach represents an alternative to the 

European Forest Fire Information System (EFFIS), which uses 

MODIS satellite images to assess burned areas (Llorens et al., 

2021). However, it is essential to say that the assessment in 

this study uses Sentinel-2a images that have satisfactory 

resolution and quality for certain applications (Jovanović et al., 

2021). 

Therefore, in future studies, it would be good to use 

satellite images of better resolution or quality in order to 

obtain more relevant assessment results. 

This approach contributes significantly in the case of 

scarce geospatial tools and can be decisive for the need for 

sustainable and ecological management of the vegetation cover 

of southern Europe, which is under constant wildfire hazard in 

the summer. 
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NATURAL INCREASE OF THE POPULATION OF GORNJE 
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ABSTRACT 

The northern part of Montenegro went through a very dynamic demographic development in the post-war period. 
The changes that have taken place can be characterised as both qualitative and quantitative, and are driven by 
various factors imposed by the overall social and economic development. In the second half of the 20th century, 
Gornje Polimlje increased the population of its towns, intensified urban development, established better social 
infrastructure, and achieved a more favourable openness to the surrounding countries. However, despite this, as 
part of north-east Montenegro it remained an underdeveloped area, which had a strong impact on the scope, 
intensity and quality of changes in its overall demographic development. The population of Gornje Polimlje is 
decreasing and the depopulation process has affected many local communities. Unfavourable demographic trends 
in this subregion began in the 90s of the previous century, and continued to intensify during the 21st century.  

Keywords: Gornje Polimlje, Population, Population changes, Birth rate, Death rate, Natural increase. 

INTRODUCTION 

Gornje  Polimlje is located in the northeast of 
Montenegro. It got its name from the fact that it covers the 
basin of the upper course of the river Lim. It stretches in a 
south-north direction, and comprises the composite Lim valley 
and mountains with mountain and sub-mountain parishes 
(Figure 1). 

With its boarders, it covers an area of 1,032 km2 (Bakić, 
2005). Administratively, Gornje Polimlje consists of the 
following municipalities: Gusinje, Plav, Andrijevica and 
Berane. 

Milisav Lutovac believed that Gornje Polimlje also 
includes Bihor, Korita up to the Kumanica Gorge, extending 
its borders eastward as far as Turjak. Bakić gave his objections 
to such borders in a paper from 2005. However, for the 
purposes of this paper, it was not possible to separate the 
population of Bihor due to the fact that the current 
municipality of Petnjica was part of the municipality of Berane 
until 2013, so the paper shows the change in the number of 
inhabitants as an integral part of the municipality of Berane 
until 2013. 

The municipality of Gusinje was part of the Plav 
municipality until 2014, when it received the status of an 
independent municipality by the decision of the Government 
of Montenegro, following a consultative referendum.  

*Corresponding author: raicevicdjoko2013@yahoo.com

The municipality of Andrijevica was also part of the 
municipality of Berane until the end of 1990, when it obtained 
its current status. 

The movement of the total number of inhabitants of 
Gornje Polimlje resulted from a number of factors, in 
particular: the slower socio-economic transformation of the 
northern part of Montenegro compared to its other parts, as 
well as the regions in the near and far surroundings; 
unfavourable conditions for employment, culture and 
entertainment activities, and general living conditions 
compared to other regions of Montenegro. It should be pointed 
out that complete neglect of villages and the conditions for 
farming and living in the countryside had a significant impact 
on the overall demographic trends in this region (Bakić, 1994). 

Figure 1. Geographical location of Gornje Polimlje (Source: 
Ivan Mijanović). 
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MATERIAL AND METHODS 

Changes in the total number of inhabitants in the second 
half of the 20th and the first decades of the 21st century can be 
reliably monitored based on the results of the censuses that 
took place in 1953, 1961, 1971, 1981, 1991, 2003 and 2011. 
For the periods between censuses, vital demographic statistics 
of the Statistical Office of Montenegro (MONSTAT) were 
used for the purposes of this paper. The methodological basis 
consists of the usual demographic, geographic and statistical 
methods. Demographic and geographic methods were used 
during the analysis of absolute changes in the total population 
of Gornje Polimlje, while statistical methods will be used 
when processing the quantitative and qualitative results of the 
research. This paper aims to indicate the trends of the total 
number of inhabitants in the second half of the 20th century, 
which was examined by Bakić in his work from 2005, as a 
supplement to those researches, the authors presented the 
changes in the first decades of the 21st century, making a 
descriptive analysis of contradictory changes that have 
affected this area. For the purpose of this paper, the following 
indicators of the natural movement of the population will be 
presented: birth rate, mortality rate and natural increase rate. 

RESEARCH RESULTS 

Changes in the number of inhabitants in the second half of the 
20th century 

In the period from 1948-2021, Gornje Polimlje, i.e. the 
municipalities of Plav, Gusinje, Andrijevica and Berane 
recorded a decrease in the number of inhabitants by 11,344 or 
25.9% compared to 1948. 

Figure 2. Number of inhabitants of Gornje Polimlje in the 
second half of the 20th century (Source: figure based on data: 
Bakić, 2005, p. 261). 

Different periods exhibit different tendencies with respect 
to the increase and decrease of the population. 

The second half of the 20th century was characterized by 
an upward trend, that is, an increase in the total number of 

inhabitants. The number of inhabitants increased from 43,753 
to 55,097 in 1991. 

In absolute terms, the number of inhabitants per census 
year ranged (Figure 2): 1953 (46,930 inhabitants); 1961 
(51,276); 1971 (57,073); 1981 (57,442); 1991 (55,097) (Bakić, 
2005). Compared to Montenegro, Gornje Polimlje recorded a 
slower growth of the total number of inhabitants in the second 
half of the 20th century. The growth rates in this period were: 
1961/53 - 1%; 1971/61 - 0.7%; 1981/71 - 0.1%; 1991/1981 - 
0.5 %. Two periods can be distinguished during this interval: 
the first from the second half of the 20th century until 1981, 
when the population increased by 13,689 inhabitants, and the 
second period from 1981 to 1991, when the total number of 
inhabitants began to decline, with Gornje Polimlje losing 
2,345 inhabitants during that ten-year period. Such movements 
of the population are the result of mechanical movement and 
gradual transition from agricultural to industrial economy. 
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Figure 3. Vital index of the population in the municipalities of 
Gornje Polimlje 1953-1991 (Source: figure made on the basis 
of data: Bakić, 2005, p. 262). 

With respect to the number of inhabitants, Berane had an 
upward trajectory and the number of inhabitants increased 
from 19,723 in 1953 to 29,096 in 1991. Population growth 
indices (Figure 3) in the inter-census periods for the 
municipality of Berane were: 1953/61 - 117; 1971/61 - 123.5; 
1981/71 - 108.3; 1991/1981 - 96.4. In the second half of the 
20th century, Andrijevica experienced a significant population 
decline, from 10,372 in 1953 to 6,696 in 1991. Andrijevica 
lost 35.2% of its population in this interval. Between the 
census years, the population movement index was: 1953/61 - 
94.8; 1971/61 - 91.6; 1981/71 - 86; 1991/1981 - 86.8. In Plav, 
the number of inhabitants was increasing between 1953 and 
1991. The number of inhabitants increased by 1,575, or by 
8.8% compared to 1953. The indices ranged from: 1953/61 - 
109.1; 1971/61-103.2; 1981/71 - 100.1; 1991/1981 - 98.7. 

The population of Gornje Polimlje is facing complex 
demographic problems, which are manifested by a decrease in 
the birth rate. In the period from 1971-2000, birth rates were in 
a constant decline. In this thirty-year period, the general birth 
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rate decreased by 40.8%. Montenegro also features similar 
trends, with the birth rate decreasing by 29.7% 
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Figure 4. Changes in crude birth rate (‰) in Gornje Polimlje 
and Montenegro 1971-2000, (Source: figure based on data: 
Bakić, 2005, p. 263). 

Figure 5. Natural increase (‰) in Gornje Polimlje from 1961-
2000 (Source: figure based on data: Bakić, 2005, p. 265). 

In the municipality of Berane1, the general birth rate 
between 1971/75 stood at 22.6‰ (Plav 22.4); 1976/80 - 
19.9‰ (Plav 18.1); 1981/86 - 15.9‰ (Plav 15.3); 1986/90 - 
15.3‰ (Plav 14.6), 1991/96 - 14.1‰ (Plav 15.3; Andrijevica 
11.2); 1996/2000 - 15.5‰ (Plav 13; Andrijevica 11.4), (Bakić, 
2005). 

The mortality rates of the population of Gornje Polimlje 
in the second half of the 20th and until the beginning of the 21st 
century can be characterised as low, but with a certain degree 
of growth. In the second half of the 20th century, mortality 
decreased in all age cohorts, with evident reduction in the 
general mortality rates of infants and children, primarily due to 
the improvement of the socio-economic characteristics of the 
population, as well as the improvement and modernisation of 
health care. General death rates ranged from 1971/81 - 5.4‰ 

1Andrijevica was part of the Berane municipality until the end of 
1990. 

(Berane 6‰, Plav 4.8‰), 1981/90 - 5.8‰ (Berane 6‰, Plav 
5.4‰), 1991/2000 - 7.3‰ (Berane 6.6‰, Plav 5.9‰, 
Andrijevica 9.5‰). 

The movement of birth and mortality rates in this period 
was reflected in the rates of natural increase, which were on a 
downward trend in the period 1961-2000 (Figure 4). Negative 
changes in natural increase (Figure 5) are associated with 
decades long decline in fertility, which manifests itself in low 
reproductive standards, which are accepted by an increasing 
number of citizens of Montenegro (Doderović & Ivanović, 
2018). 

Changes   in   the   number   of   inhabitants   during   the 
first decades of the 21st century 

The changes that took place in the second half of the 20th 
century continued in the first decades of the 21st century, with 
even greater intensity. Between 2000/21, the number of 
inhabitants decreased by 12,704 (Table 1). In the last two 
decades, this area lost an average of 604 inhabitants per year. 
Looking at individual municipalities, in percentage terms, the 
municipality of Berane lost the most inhabitants, 27.2% (9,612 
inhabitants), although it cannot be said with certainty that this 
is relevant data, considering that until 2013, it included the 
municipality of Petnjica which according to the 2011. census 
had 5,455 inhabitants, a more realistic estimate is that Berane 
lost somewhere around 4,000 due to population migration, 
which is again a very large number. After the municipality of 
Berane, Andrijevica recorded the largest loss of population 
with 25.5% (1,511). The municipalities of Gusinje and Plav 
together recorded a decrease of 13.7% of inhabitants compared 
to 2001 (1,914). The vital index in this twenty-year period, i.e. 
the number of live births in relation to the number of deaths, 
was in a constant decline and ranged from:2002/06 - 186.1; 
2006/10 -125.3; 2010/14 - 106.1; 2014/18 -99.8. In the 
municipality of Berane, in 2002/06 the vital index stood at 
153.1 (Andrijevica 79.5; Plav 154.7; 2006/10 134.4 
(Andrijevica 65; Plav 132; 2010/14 104.7 (Andrijevica 70.6; 
Plav 100); 2014/18 104.6 (Andrijevica 79.2; Plav 108.1; 
Gusinje 67). During the first two decades of the 21st century, 
Gornje Polimlje has been facing complex demographic 
problems, which are manifested by a constant decrease in the 
birth rate, negative natural growth, a decrease in the number of 
students in primary and secondary schools, an aging 
population, depopulation processes, emigration of the fertile 
and working population. 

The general birth rate from 2001-2020 in the area of 
Gornje Polimlje, decreased by 34.1% in percentage terms, i.e. 
it amounted to 16.4 ‰ in 2001, while in 2020 it amounted to 
10.8‰. In the mentioned time interval, there was an evident 
increase in general mortality rates (Figure 6), with the general 
mortality rate increasing by about 26%. The increase in 
general mortality rates can be attributed to the demographic 
aging of the population in this part of Montenegro, i.e. increase 
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of the share of old people in the total population. If we take 
into account the results of the natural movement of the 
population, it can be concluded that since 2012, there has been 
a constant negative natural increase, except for 2016 when it 
had a value of 0.6‰. 
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Figure 6. Natural movement of the population of Gornje 
Polimlje (‰) in the first decades of the 21st century (Source: 
figure made on the basis of vital demographic statistics 
available to Monstat). 

Table 1. Number of inhabitants of GornjePolimlje 2000-2021. 

Year Andrijevica Berane Gusinje2 Plav In total 

2000 5914 35265 - 14127 55306 

 2001 5856 35086 - 13983 54925 

 2002 5797 34908 - 13839 54544 

 2003 5677 34411 - 13546 53633 

 2004 5737 35014 - 13813 54564 

 2005 5576 34516 - 13606 53699 

 2006 5505 34364 - 13755 53623 

 2007 5454 34244 - 13704 53401 

 2008 5395 34176 - 13671 53242 

 2009 5333 34038 - 13608 52979 

 2010 5205 34019 - 13364 52588 

 2011 5071 33973 - 13109 52153 

 2012 5041 33664 - 13006 51711 

 2013 5018 33353 - 12874 51245 

 2014 4957 27907 - 12806 45670 

 2015 4917 27753 3949 8799 45418 

 2016 4942 27513 3985 8693 45133 

 2017 4790 27256 3984 8628 44658 

 2018 4707 26903 3983 8494 44087 

 2019 4585 26632 3998 8319 43534 

 2020 4532 26393 3995 8287 43207 

 2021 4403 26013 3995 8191 42602 
*(Source: Monstat) 

2Gusinje was part of the municipality of Plav until 2014. 

Looking at individual towns with respect to the natural 
movement of the population in the period from 2001 to 2020, 
we can notice various disproportions in their trends. The 
highest birth rate was recorded in the municipality of Plav in 
2001 at 16 ‰, while the lowest birth rate was recorded in 
Gusinje in 2018 at 6.3‰. In terms of mortality, the highest 
value was recorded by Andrijevica with 15.5‰ in 2019, and 
the lowest in Plav in 2005 with 8.7‰. In the municipality of 
Berane, which is the largest in terms of population, the birth 
rate decreased by 22.3% and the mortality rate increased by 
19.8% over two decades, and during this time interval, the 
birth rate in Andrijevica decreased by 37.3%, while the 
mortality rate increased by 14.8%. 
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Figure 7. Rate of natural increase (‰ ) in the towns of Gornje 
Polimlje, (Source: figure based on Monstat data). 

Plav is characterized by a downward trend of general 
birth rates amounting to 30.6%, and an increase in mortality by 
38.4%. Such birth and mortality trends affected the natural 
increase rates, which was manifested as negative in all 
municipalities of Gornje Polimlje in 2019. (Figure 7).  

CONCLUSION 

In addition to population dynamics, the gender and age 
structure and its changes over time represent one of the basic 
characteristics of the demographic development of every 
country. Having this in mind, it should be pointed out that the 
changes in the gender and age composition of the population 
of Gornje Polimlje in the second half of the 20th century were 
influenced, primarily by the decline in fertility, but were also 
strongly influenced by the inherited age structure. Namely, the 
consequences of disturbances in the gender and age structure 
caused by large human losses in the First and Second World 
War, the sudden increase in fertility during the early 1950s, 
and the subsequent relatively rapid decrease in the birth rate, 
were the main factors that shaped the age pyramids of the 
population of Gornje Polimlje almost during the entire second 
half of the 20th century. 

The projection of future demographic processes and 
structures has entirely practical reasons. The negative trend of 
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natural changes in Gornje Polimlje over the first decades of the 
21st century is characterized by: a drop in birth rate, total 
fertility rate, net reproduction and natural increase, all below 
the level necessary for simple renewal of population. There is 
an increase in the overall mortality rate of the population, with 
a decrease in the mortality rate of infants and children aged 1-4 
years. There are ongoing negative migration flows, especially 
when it comes to the younger fertile population from rural to 
urban settlements, and from the Northern region (which 
includes Gornje Polimlje) to the Central and Southern regions. 
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ABSTRACT

The paper presents a new proof of Ahlfors lemma about Green Stokes formula for distributions. The proof is per-
formed directly using test functions instead of using convolutions.
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INTRODUCTION

The paper presents a new proof of Ahlfors lemma about
Green Stokes formula for distributions (Ahlfors, 2006). The new
proof is performed directly using test functions instead of using
convolutions.

If there is interest in solving the equation

fz̄ = µ fz (1)

where ||µ||∞ ⩽ k < 1, Arsenović et al. (2012); Arsenović & Matel-
jević (2021) let’s treat at the beginning the case where µ has com-
pact support so that f will be analytic at ∞. The fixed exponent
p > 2 will be used, such that kCp < 1.
Theorem 1. If µ has compact support there exist a unique solution
f of (1) such that f (0) = 0 and fz − 1 ∈ Lp.

According to Theorem 1 following conclusion can be made:
Lemma 1. ||gz − fz||p → 0 and g→ f uniformly on compact sets.

In order to show that f has derivatives if µ has, a slight gen-
eralization of Weyl’s lemma is made:
Lemma 2. If p and q are continuous and have locally integrable
distributional derivatives that satisfy pz̄ = qz, then there exists a
function f ∈ C1 with fz = p and fz̄ = q. (Ahlfors, 2006)

Such results are useful in deriving solutions of Beltrami’s
equation (1). One method, which works in higher dimensions as
well is to use convolutions, see (Arsenović at al., 2021). Here we
work directly with test functions. A very concise presentation is
given in (Ahlfors, 2006).

The new proof of Lemma 2 will be performed directly using
test functions.

In the first part of the paper, Lemma 3, Lemma 4 and Lemma
5 with their proofs are presented. Cantor’s theorem on uniform
continuity (Carleson & Jones, 1992), Fubini’s theorem (Arsenović
at al., 2012), (Mateljević, 2013a, 2012, 2013b) and the Mean value
theorem (Duren, 2004) were used in the proofs.

Below are given Theorem 2 and Theorem 3 with proofs,
which represent a new proof of Ahlfors lemma about Green Stokes
formula for distributions. A new proof is provided directly using
test functions instead of using convolutions.

THEORETICAL PART

Let F : R −→ R be defined as

F(t) =

e−1/t, t > 0.

0, t ⩽ 0.
(2)

Lemma 3. The function F is infinitely differentiable. Let C be a
set of all functions f : R −→ R such that there exists a real rational
function r such that we have

f (t) =

r(x)e−1/t, t > 0.

0, t ⩽ 0.
(3)

Let f be an arbitrary function from the C class. Then it holds
that

lim
t→0+

f (t) = lim
t→0+

r(t)
e1/t = lim

x→∞

r(1/x)
ex = 0 = f (0), (4)

so the function f is continuous. It also holds that

lim
t→0+

f (t) − f (0)
t

= lim
t→0+

f (t)
t
= lim

t→0+

r(t)
t e1/t = lim

x→∞

x r(1/x)
ex = 0, (5)

so the function f is differentiable and we have

f ′(t) =

 (r(t)′ + r(t)/t2)e−1/t, t ≥ 0.

0, t ⩽ 0.
(6)

Hence it follows that f ′ ∈ C.
It follows in particular that the functions from the C class

are differentiable and that the class C is closed for derivatives. It
clearly implies that all functions from the class C are infinitely dif-
ferentiable. In particular, it holds that F is infinitely differentiable.

Let ε > 0. Since the function x 7→ F(ε2 − x2) is indefinitely
differentiable and positive on the interval (−ε, ε), and equals zero
outside it, its integral inR is finite and positive, and the Cε constant
can be defined as

Cε = (
∫
R

F(ε2 − x2) dx)−1. (7)

Let us define the function ωε : R −→ R with ωε(x) =
CεF(ε2 − x2). It is infinitely differentiable, non-negative and it
holds that

∫
R
ωε(x) dx = 1.

⋆ Corresponding author: ana.savic@viser.edu.rs
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Let us define the function µε : R −→ R in the following
way: µε(x) =

∫ x
0 ωε/2(t − ε/2) dt. It is also infinitely differentiable,

non-decreasing and it holds that µε(x) = 0 ⇔ x ⩽ 0 and µε(x) =
1⇔ x ⩾ ε.

For the given a, b ∈ R such that a < b and b − a > 2ε let us
define the function ηa,b,ε : R −→ R in the following way:

ηa,b,ε(x) = {

µε(x − a), x < (a + b)/2,

µε(b − x), x ⩾ (a + b)/2.
(8)

This is an infinitely differentiable function equal to zero out-
side the interval (a, b), equal to one in the segment [a + ε, b − ε],
increasing in the segment [a, a + ε] and decreasing in the segment
[b − ε, b].
Lemma 4. Let a, b ∈ R such that a < b and f , g : (a, b) −→ R
functions such that f is continuous and bounded and g s integrable
without changing the sign. Then there exists c ∈ (a, b) such that
the following holds:∫ b

a
f (x)g(x) dx = f (c)

∫ b

a
g(x) dx. (9)

Proof. Since g does not change the sign,
∫ b

a g(x) dx = 0 is possible
only when g ≡ 0 almost everywhere and in that case the claim
holds true for each c ∈ (a, b).

Let us assume, therefore, that
∫ b

a g(x) dx , 0. In addition, if
there is a constant v such that µ({x ∈ (a, b)|g(x) > 0, f (x) , v}) = 0
holds, then the claim holds for each c ∈(a,b) such that g(c)>0 and
f(c)=v holds.

Without loss of generality, we can assume that there is no
such constant v.

For

m = inf
x∈(a,b)

f (x), M = sup
x∈(a,b)

f (x) (10)

we have

m
∫ b

a
g(x) dx =

∫ b

a
m g(x) dx <

∫ b

a
f (x)g(x) dx

<

∫ b

a
M g(x) dx = M

∫ b

a
g(x) dx, (11)

that is

m <

∫ b
a f (x)g(x) dx∫ b

a g(x) dx
< M. (12)

Due to the continuity of the f function, there exists a c ∈
(a, b) for which

f (c) =

∫ b
a f (x)g(x) dx∫ b

a g(x) dx
, (13)

holds and thus completes the proof of the lemma.
Lemma 5. Let a, b, c, d ∈ R be such that a < b, c < d and f :
D −→ R continuous function where D = [a, b] × [c, d]. Then we
have

lim
ε→0+

"
D

f (x, y)ηa,b,ε(x)η′c,d,ε(y) dx dy (14)

=

∫ b

a
f (x, c) dx −

∫ b

a
f (x, d) dx,

lim
ε→0+

"
D

f (x, y)η′a,b,ε(x)ηc,d,ε(y) dx dy (15)

=

∫ d

c
f (a, y) dy −

∫ d

c
f (b, y) dy.

Proof. For the given ε > 0, define the rε function as

rε(x) =
∫ d

c
f (x, y)η′c,d,ε(y) dy − ( f (x, c) − f (x, d)). (16)

From Cantor’s theorem on uniform continuity, it follows that the
function f in uniformly continues and therefore the rε function is
continuous. According to the mean value theorem, it holds that

∫ d

c
f (x, y)η′c,d,ε(y) dy =

∫ c+ε

c
f (x, y)ωε/2(y − c + ε/2) dy

− intd
d−ε f (x, y)ωε/2(d − y − ε/2) dy

= f (x, c′)
∫ c+ε

c
ωε/2(y − c + ε/2) dy (17)

− f (x, d′)
∫ d

d−ε
ωε/2(d − y − ε/2) dy

= f (x, c′) − f (x, d′)

for some c′ ∈ (c, c + ε) and d′ ∈ (d − ε, d). From there as
well as from Cantor’s theorem on uniform continuity, it follows
that rε uniformly tends to zero when ε tends to zero. According to
Fubini’s theorem, the following holds

"
D

f (x, y)ηa,b,ε(x)η′c,d,ε(y) dx dy

=

∫ b

a

∫ d

c
f (x, y)ηa,b,ε(x)η′c,d,ε(y) dy dx

=

∫ b

a
ηa,b,ε(x)

∫ d

c
f (x, y)η′c,d,ε(y) dy dx

=

∫ b

a
ηa,b,ε(x)(rε(x) + f (x, c) − f (x, d)) dx (18)

=

∫ a+ε

a
(ηa,b,ε(x) − 1)(rε(x) + f (x, c) − f (x, d)) dx

+

∫ b

b−ε
(ηa,b,ε(x) − 1)(rε(x) + f (x, c) − f (x, d)) dx

+

∫ b

a
rε(x) dx +

∫ b

a
f (x, c) dx −

∫ b

a
f (x, d).

When ε tends to zero, the first two addends tend to zero be-
cause the subintegral function is bounded as continuous on a com-
pact set, while the third addend tends to zero on the basis of the
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uniform convergence of the rε function to zero. From there, the
first part of the claim follows while the second part can be proven
analogously.

Let us further identify the complex plane with R2. Let Ω
denote a simply connected region in the complex plane. Let f :
Ω −→ Cwhich has partial derivatives fx and fy. The partial deriva-
tives with respect to z and z̄ are defined as

fz =
fx − i fy

2
, fz̄ =

fx + i fy
2
. (19)

Let p and q are now continuous functions which map Ω into
C let γ denote a rectifiable curve in Ω. By the integral∫

γ

p dz + q dz̄ (20)

we mean the integral∫
γ

(p + q) dx + i(p − q) dy. (21)

NUMERICAL RESULTS

Theorem 2. The following conditions are equivalent:

A Integral (20) is equal to zero with respect to each rectifiable
loop γ in Ω.

B Integral (20) is equal to zero with respect to each rectangle
loop γ in Ω.

C There exists a function F : Ω −→ C which has partial
derivatives and it is such that Fz = p and Fz̄ = q.

Proof. Since each rectangle loop is rectifiable, B follows from A.
Let us derive A from C. Let us derive 1 from 3.

∮
γ

p dz + q dz̄ =

∮
γ

(p + q) dx + i(p − q) dy

=

∮
γ

(Fz + Fz̄) dx + i(Fz − Fz̄) dy (22)

=

∮
γ

Fx dx + Fy dy = 0.

Suppose that B holds and let us derive C. By a special path
determined by the vertices

(x0, y0), . . . , (xn, yn) (23)

in the denotation s[x0, y0; . . . ; xn, yn] we mean a zig-zag line de-
termined by the vertices (23) so that the whole line is in Ω, that
it is parameterized by a parameter from the segment [0, 1], that it
is linear part by part, and that, for each k < n it holds xk = xk+1

or yk = yk+1. By the value along the rectifiable path γ in Ω in the
denotation V(γ) we mean value (20).

Let γ and δ be special paths such that γ(0) = δ(0) and γ(1) =
δ(1). Let us prove that the following holds:∫

γ

p dz + q dz̄ =
∫
δ

p dz + q dz̄. (24)

Let us prove it first in the case when the paths γ and δ are
in the I × J set for some non-empty open intervals I and J of a
real line such that I × J ⊆ Ω. Based on assumption B, for any
x0, x1, x2 ∈ I and y0, y1, y2 ∈ J

V(s[x0, y0; x1, y0; x2, y0]) = V(s[x0, y0; x2, y0]), (25)

V(s[x0, y0; x1, y0; x1, y1]) = V(s[x0, y0; x0, y1; x1, y1]), (26)

hold as well as

V(s[x0, y0; x1, y0; x1, y1; x2, y1])

= V(s[x0, y0; x1, y0; x2, y0; x2, y1]) (27)

= V(s[x0, y0; x2, y0; x2, y1]).

Let x0, . . . , xn ∈ I and y0, . . . , yn ∈ J for n ⩾ 2. If there exists
i ∈ {1, . . . , n − 1} holds that xi−1 = xi = xi+1 or yi−1 = yi = yi+1,
then there exist x′0, . . . , x

′
n−1 ∈ I and y′0, . . . , y

′
n−1 ∈ J such that we

obtain

V(s[x0, y0; . . . ; xn, yn]) = V(s[x′0, y
′
0; . . . ; x′n−1, y

′
n−1]),

(x0, y0) = (x′0, y
′
0), (28)

(xn, yn) = (x′n−1, y
′
n−1).

The same also holds in the case when such i does not exist
but when n ⩾ 3. Hence, for any x0, . . . , xn ∈ I and y0, . . . , yn ∈ J it
holds that

V(s[x0, y0; . . . ; xn, yn]) = V(s[x0, y0; xn, y0; xn, yn]) (29)

= V(s[x0, y0; x1, yn; xn, yn]).

This means that V(µ) for the special path µ in I × J depends
only on the initial and the final point of the path µ, which thus
proves the claim in this case. Let us further deal with a general
case.

Since Ω is a simply connected region, we can choose con-
tinuous mapping H : [0, 1]2 −→ Ω such that for every t ∈ [0, 1]
it holds that H(0, t) = γ(t) and H(1, t) = δ(t), and also that
for every x ∈ [0, 1] it holds that H(x, 0) = γ(0) = δ(0) and
H(x, 1) = γ(1) = δ(1).

The set H[[0, 1]2] is a compact subset of the open set Ω, so
there exists some ε > 0 such that for every x, t ∈ [0, 1] it holds that
B(H(x, t), ε) ⊆ Ω.

According to Cantor’s theorem on uniform continuity, there
exists n ∈ N such that it holds

(∀x1, t1, x2, t2 ∈ [0, 1])(|x2 − x1| + |t2 − t1| < 1/n⇒

d(H(x1, t1),H(x2, t2)) < ε).

For i, j ∈ {0, . . . , n} let us define X j
i and Y j

i as

(X j
i ,Y

j
i ) = H(i/n, j/n). (30)

Let i1, i2, j1, j2 ∈ {0, . . . , n} be such that it holds |i1 − i2|, | j1 −
j2| ⩽ 1. Then

d((X j1
i1
,Y j1

i1
), (X j2

i2
,Y j2

i2
)) ⩽ ε/5. (31)
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Let us also, for every i, j ∈ {0, . . . , n} define a path

π
j
i = s[x0, y0; . . . ; x2 j−1, y2 j−1], (32)

where

(x0, y0) = (X0
i ,Y

0
i ) = H(i/n, 0) = γ(0) = δ(0), (33)

(x2 j−1, y2 j−1) = (X j
i ,Y

j
i ) = H(i/n, 1) = γ(1) = δ(1),

x2k−1 = Xk−1
i , x2k = Xk

i , y2k−1 = y2k = Yk
i , for 1 ⩽ k < n.

For i, k < n let us define the special path µk
i as

µk
i = s[Xk

i ,Y
k
i ; Xk

i ,Y
k+1
i ; Xk+1

i ,Y
k+1
i ; Xk+1

i+1 ,Y
k+1
i ; Xk+1

i+1 ,Y
k+1
i+1 ; (34)

Xk
i+1,Y

k+1
i+1 ; Xk

i+1,Y
k
i+1; Xk

i+1,Y
k
i ; Xk

i ,Y
k
i ].

All points of the path µk
i are at a mutual distance smaller than

ε/4, so the path µk
i lies in B((Xk

i ,Y
k
i ), ε/4), so there are intervals I

and J of real line, which are of the width ε/2 and such that it holds
B((Xk

i ,Y
k
i ), ε/4) ⊆ I × J ⊆ B((Xk

i ,Y
k
i ), ε). It thus follows that the

path µ is in I × J and that I × J ⊆ Ω, resulting in V(µk
i ) = 0. On

the basis of this, it is proven by induction that for all i, k < n the
following holds:

V(πk
i+1) − V(πk

i ) = V(s[Xk
i ,Y

k
i ; Xk

i+1,Y
k
i ; Xk

i+1,Y
k+1
i ]). (35)

In particular, for k = n it holds that V(πn
i ) = V(πn

i+1), from
where it follows that V(πn

0) = V(πn
n). For any k < n the restric-

tions of the paths πn
0 and γ on the segment [k/n, (k + 1)/n] have

a common beginning (Xk
0,Y

k
0) and a common end (Xk+1

0 ,Y
k+1
0 ) and

they are within the disc B((Xk
0,Y

k
0), ε/4), so it is similarly proven

as before that the integrals of p dz + q dz̄ are equal by themselves,
which therefore proves that both V(γ) = V(πn

0) i V(δ) = V(πn
n).

Let us chose arbitrary(a, b) ∈ Ω. For each (u, v) ∈ Ω, let us
define F (u, v) as follows. Let γ is arbitrary special path such that
γ (0) = (a, b) and γ (1) = (u, v) hold. Let

F (u, v) =
∫
γ

(p + q) dx + i (p − q) dy.

This definition is correct because of independence of the value on
the choice of γ .Then Fx = p + q and Fy = i (p − q) hold and
therefore Fz = p and Fz = q hold.
Theorem 3. The following conditions are equivalent:

A For any infinitely differentiable function φ : Ω −→ C with
compact support, it holds that"

Ω

p(x, y)φz̄ dx dy =
"
Ω

q(x, y)φz dx dy.

B For any closed rectangular domain D ⊆ Ω and any infinitely
differentiable function φ : Ω −→ C with support D it holds
that "

D
p(x, y)φz̄ dx dy =

"
D

q(x, y)φz dx dy.

C There exists a function F : Ω −→ C with continuous partial
derivatives such that Fz = p and Fz̄ = q hold.

Proof. It is clear that B follows from A. Suppose B and let us prove
C. Let D = [a, b] × [c, d] for some a, b, c, d ∈ R such that a < b
and c < d. For ε > 0 such that ε < (b−a)/2, (d−c)/2 let us define
hε, kε and φε as

hε = ηa,b,ε, kε = ηc,d,ε, (36)

φε : R2 −→ R, φε(x, y) = hε(x)kε(y). (37)

With the truncated forms of p = p(x, y), φε = φε(x, y), h =
h(x) and k = k(y), it follows from B that"

D
p (∂xφε + i∂yφε) dx dy =

"
D

q (∂xφε − i∂yφε) dx dy, (38)

"
D

(p − q) ∂xφε dx dy + i
"

D
(p + q) ∂yφε dx dy = 0, (39)"

D
(p + q) ∂yφε dx dy − i

"
D

(p − q) ∂xφε dx dy = 0.

On the basis of Lemma 5, allowing ε to tend to zero, we
conclude that the following holds∫ b

a
(p + q)(x, c) dx −

∫ b

a
(p + q)(x, d) dx + i

+

∫ d

c
(p − q)(a, y) dy − i

∫ d

c
(p − q)(b, y) dy = 0, (40)

namely ∮
∂D

(p + q) dx + i(p − q) dy = 0, (41)

so on the basis of Theorem 2 it holds B. Let us suppose C
and let us derive A. It should be actually proven that the following
holds "

Ω

Fzφz̄ dx dy =
"
Ω

Fz̄φz dx dy, (42)

i.e."
Ω

(Fx − iFy)(φx + iφy) dx dy (43)

=

"
Ω

(Fx + iFy)(φx − iφy) dx dy,

which is equivalent to"
Ω

Fxφy dx dy =
"
Ω

Fyφx dx dy. (44)

Let K ⊆ Ω be a compact support of the function φ. Each
point of the set K can be paired with an open rectangle whose
sides are parallel to the coordinate axes and whose closure lies in
Ω. Such a cover has a definite subcover; therefore, without loss of
generality, we can assume that K is a non-empty finite union of
closed rectangles with non-empty interior and sides parallel to the
coordinate axes.

Suppose that D = [a, b]× [c, d] is the smallest closed rectan-
gle with its sides parallel to the coordinate axes, such that K ⊆ D.
Let us pair each x ∈ [a, b] with the set

Dx = {y ∈ [c, d] : (x, y) ∈ K}. (45)
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For each x, the set Dx is a finite union of disjoint closed
intervals. On the endpoints of each of these intervals, the function
φ is annuled together with its partial derivatives. Hence, if [u, v] is
some of these intervals, then it holds that∫ v

u
Fy(x, y)φx(x, y) dy = F(x, v)φx(x, v) − F(x, u)φx(x, u)

−

∫ v

u
F(x, y)φxy(x, y) dy (46)

= −

∫ v

u
F(x, y)φxy(x, y) dy.

By adding the integrals as a function of all disjoint closed
intervals which give the set Dx in the union, we conclude that the
following holds∫

Dx

Fy(x, y)φx(x, y) dy = −
∫

Dx

F(x, y)φxy(x, y) dx dy. (47)

According to Fubini’s theorem, we have"
K

Fy(x, y)φx(x, y) dx dy =

∫ b

a

∫
Dx

Fy(x, y)φx(x, y) dx dy

= −

∫ b

a

∫
Dx

F(x, y)φxy(x, y) dx dy

= −

"
K

F(x, y)φxy(x, y) dx dy. (48)

Since K is the support of the function φ, it holds that"
Ω

Fyφx dx dy =
"

K
Fyφx dx dy = (49)

−

"
K

F(x, y)φxy(x, y) dx dy = −
"
Ω

F(x, y)φxy(x, y) dx dy.

The formula"
Ω

Fxφy dx dy = −
"
Ω

F(x, y)φxy(x, y) dx dy, (50)

is similarly proven thus finally leading to (44).

APPENDIX

Recall that this paper is related to a paper by authors Arsen-
ović, M. and Mateljević, M. titled "On Ahlfors-Beurling Operator"
published in Journal of Mathematical Sciences, 2021 (referenced
below Arsenović, M., Mateljević, M. On Ahlfors–Beurling Oper-
ator. J Math Sci 259, 1–9 (2021). https://doi.org/10.1007/
s10958-021-05596-9)

In the above mentioned paper authors Miodrag Mateljević
and Miloš Arsenović investigate regularity properties of solutions
of Beltrami equation expressed in terms of moduli of continuity.
Authors Miodrag Mateljević and Miloš Arsenović prove that a
class of Calderon-Zygmund operators, including Ahlfors-Beurling
operator, preserves certain type of modulus of continuity of com-
pactly supported functions. They have also proved a purely topo-
logical result which easily gives injectivity of normal solutions of
Beltrami equation.

Theorem 1 and Theorem 2 from the above mentioned paper
are given below. In order to make it easier for readers to under-
stand the problems that the authors Miodrag Mateljević and Miloš
Arsenović deal with in the mentioned paper, a complete proof of
Theorem 1 is given.

For the convenience of the readers, some definitions, terms
and considerations will be mentioned (in the same way as pre-
sented in the mentioned paper).

Authors choose a majorant ω i.e. a continuous increasing
and concave function, ω(t), t ⩾ 0 such that ω(0) = 0 and ω(λt) ⩽
Cλω(t), λ > 1.

Authors impose the following two conditions on majorant
ω: ∫ 1

0

ω(t)
t

dt ⩽ A1ω(δ), 0 < δ < 1. (1)∫ 1

0

ω(t)
t

dt ⩽ A2
ω(δ)
δ
, 0 < δ < 1. (2)

The operator T is defined by the following formula:

T f (x) = lim
ε→0

∫
Rn

Kε(y) f (x − y) dy,

where Kε denotes a truncated kernel

Kε(x) =

 K(x), |x| ⩾ ε,

0, |x| < ε.

In the same paper it is proved:

T f (x) =
∫

K(y)[ f (x − y) − f (x)] dy, x ∈ Rn (3)

Theorem 1. Assume a majorant ω satisfies conditions (1) and (2).
Then for every R > 0 there is a constant C = C(R, n,Ω, ω) such
that

||T f ||ω ⩽ C|| f ||ω, f ∈ ∧R
ω. (4)

We note the following well known estimate for the kernel K:

|K(x + h) − K(x)| ⩽ C(Ω)
|h|
|x|n+1 , x , 0, h ⩽ |x|/3. (5)

Let us choose f ∈ ΛR
ω and x, x + h ∈ Rn, where |h| ⩽ 1. From (3)

we obtain

T f (x) =
(∫
|y|⩽3|h|

+

∫
3|h|⩽y⩽|x|+R

)
K(y)[ f (x − y) − f (x)] dy = I1 + I2.

(6)
Analogously to the argument leading to (11) we estimate I1:

||I1|| ⩽ ||Ω||∞|| f ||ω|S n−1|

∫ 3|h|

0

ω(t)
t

dt ⩽ C(n,Ω, ω)|| f ||ωω(|h|).

(7)
where we used condition (1). Replacing x with x + h in (6)

we obtain

T f (x) =
(∫
|y|⩽3|h|

+

∫
3|h|⩽y⩽|x|+R

)
K(y)[ f (x+h−y)− f (x+h)] dy = J1+J2,

(8)
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where |J1| ⩽ C(n,Ω, ω)|| f ||ωω(|h|) and

J2 =

∫
3|h|⩽|y|⩽|x+h|+R

K(y)[ f (x + h − y) − f (x + h)] dy

=

∫
3|h|⩽|y|⩽|x+h|+R

K(y)[ f (x + h − y) − f (x)] dy (9)

=

∫
3|h|⩽|z+h|⩽|x+h|+R

K(z + h)[ f (x − z) − f (x)] dz

=

∫
3|h|⩽|z|⩽|x|+R

K(z + h)[ f (x − z) − f (x)] dz + E = J̃2 + E.

Note that cancellation property enabled replacement of f (x+
h) with f (x). Now we estimate the error term E, which results
from a change of domain of integration from one spherical ring
A(−h; 3|h|; |x + h| + R) to another one A(0; 3|h|; |x| + R). Regard-
ing the change of inner limits, the size of K(z + h) is estimated
by C(n)||Ω||∞|h|−n, the measure of the symmetric difference of
B(0; 3|h|) and B(−h; 3|h|) is estimated by C(n)|h|n and the size of
f (x−z)− f (x) is estimated by C(ω)|| f ||ωω(|h|). Hence the error due
to the change of inner limits is estimated by C(n,Ω, ω)||Ω||∞ω(|h|).

Regarding the change of outer limits, the measure of the
symmetric difference of domains of integration is estimated by
C(n)|h|(|x| + R)n−1, the size of K(z + h) by ||Ω||∞(|x| + R)−n and
the size of f (x − z) − f (x) by 2|| f ||∞, hence the contribution to the
error term is bounded by C||Ω||∞|| f ||∞|h|, where C is a constant de-
pending only on n. Since || f ||∞ ⩽ C(ω,R)|| f ||ω and δ ⩽ Cω(δ) for
0 ⩽ δ ⩽ 1 we obtain

|E| ⩽ C(R, n,Ω, ω)|| f ||ωω(|h|). (10)

Combining (6), (7), (8), (9) and (10) we obtain

|T f (x + h) − T f (x)| = |J1 + J̃2 + E − I1 − I2|

⩽ |J̃2 − I2| + |E| + |I1| + |J1| = E1 + E2

where

E2 = |E| + |I1| + |J1| ⩽ C(R, n,Ω, ω)|| f ||ωω(|h|)

and

E1 =

∣∣∣∣∣∣
∫

3|h|⩽|z|⩽|x|+R
[K(z + h) − K(z)][ f (x − z) − f (x)] dz

∣∣∣∣∣∣ .
Since f is supported in B(0; R) we can assume ω(t)s is con-

stant for t ⩾ 2R, in particular ω(t) ⩽ ω(2R). We use (5) and (2) to
estimate E1:

E1 ⩽ C(Ω)
∫

3|h|⩽|z|⩽|x|+R

|h|
|z|n+1 | f (x − z) − f (x)| dz

⩽ C(Ω)|h||S n−1||| f ||ω

∫ |x|+R

3|h|

ω(t)
t2 dt

= |h|C(n,Ω)|| f ||ω

(∫ 1

3|h|
+

∫ ∞

1

)
ω(t)
t2 dt

⩽ Cn|| f ||ω(A2ω(|h|) + ω(2R)|h|)

C(R, n,Ω, ω)|| f ||ωω(|h|).

Note that this was the only estimate in the proof that relied
on (2). This gives desired estimate for |h| ⩽ 1, the estimate for |h| >
1 follows easily from the vanishing of T f at infinity. In fact, since
the support of f is compact we have the following asymptotic:
T f (x) = O(|x|−n)) as x→ +∞; we leave details to the reader.
Theorem 2. Let f be a quasiconformal mapping between bounded
planar domains D and G with C1,α boundaries, where 0 < α < 1.
Then the following three conditions are equivalent.

(A) f ∈ C1,α(D) and f −1 ∈ C1,α(G).
(B) The complex dilatation µ f is α Hölder continuous on D.
(C) The complex dilatation µ f −1 is α Hölder continuous on

G.
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ABSTRACT

Non-orthogonal multiple Access (NOMA) is an efficient 5G technology that enables network spectral efficiency in-
crease and network access latency. In order to additionally improve the reliability of transmission and increase the
achievable rate of NOMA system, combined utilization of NOMA and cooperative relay transmission (CRS) could
appear as effective remedy. In this work, we will carry out performance analysis of NOMA based CRS over Rician-
Shadowed fading channels. The closed-form expression for the exact average achievable rate is presented in the form
of Meijer G functions infinite-series. Numerical results are presented in order to manifest the credibility of the pre-
sented method.

Keywords: Average achievable rate, CRS, Rician-Shadowed fading, NOMA.

INTRODUCTION

Non-orthogonal multiple access (NOMA) has emerged as
an effective technology for increasing spectral efficiency of 5G
downlink networks and while increasing networks access latency
(Wei et al., 2017). Opposite to regular orthogonal multiple access
(OMA) the main concept of NOMA is to explore the power do-
main in order to provide multiple access to users with distinct
power levels, while using at the reception the principle of suc-
cessive interference cancellation (SIC) after decoding the highest
quality signal, in order to decode the remaining signals. For the
purpose of further improvement of the reliability of NOMA trans-
mission and increase the achievable NOMA rate, combined uti-
lization of NOMA and cooperative relay transmission (CRS) could
be used. CRS NOMA system realizations and their performances
have been often discussed in literature recently: Jiao et al. (2017);
Duan et al. (2018); Liang et al. (2016); Men & Ge (2016); Kim &
Lee (2015); Ding et al. (2015); Wan et al. (2018); Jha & Kumar
(2018); Jha et al. (2018); Panic & Jayakody (2019).

In 5G signal propagation theory most observed is case when
transmitted signal with the strong LOS (line-of-sight) component
propagates together along different non-LOS paths, so various
LOS shadow fading effects occur due to total or partial block-
age of the LOS by corresponding obstacles that appear or move
on a direction between the transmitter and receiver. As the result
of this blockage, the amplitude of the LOS component behaves a
random process, so signal propagation can be accurately modeled
with shadowed Rician fading model Simon & Alouini (2005). This
model serves as good representation for 4 different shadowing sce-
narios: light shadowing scenario, heavy shadowing scenario, over-
all shadowing scenario and average shadowing scenario. Also this
model could correctly represent random fluctuations at the recep-
tion caused by fading and shadowing that occur separately Simon

& Alouini (2005).
In Kim & Lee (2015) performance analysis of the CRS

NOMA over both Rayleigh fading channels and Hoyt fading chan-
nels were carried out, but only asymptotic expression are provided
for the achievable rate criterion. In Jiao et al. (2017) performance
analysis of CRS NOMA over Rician fading channels were carried
out, but only expressions for approximating the achievable rate
based on the Gauss-Chebyshev method Hildebrand (1987) have
been introduced. Identical approximation method has been used
in Jha & Kumar (2018); Jha et al. (2018) to deliver achievable rate
of an Opportunistic CRS NOMA over Rician fading channels for
the case of available CSI (Channel State Information). In Panic &
Jayakody (2019) closed form expressions have been provided for
the achievable average rate of the NOMA based CRS over Hoyt
fading channels. However, to the best of the authors knowledge,
there is no work reported in literature, where closed form expres-
sions have been provided for the achievable average rate of NOMA
based CRS over Rician-Shadowed fading channels.

In this work we will carry out the performance analysis of
NOMA based CRS over Rician-Shadowed fading channels and
deliver rapidly converging infinite series expression for the aver-
age achievable rate in the form of of Meijer G functions. Numeri-
cal results will be delivered and analyzed in the function of Rician-
Shadowed fading severity parameters.

SYSTEM MODEL

We are observing cooperative relaying system composed of
a source node (S), a relay node (R) with decode-and-forward (DF)
performed in in half-duplex (HD) mode, and a destination node
(D), where is assumed that all the links, i.e., S-D, S-R, and R-D
are ready for transmission. The Rician Shadowed modeled fading
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channel coefficients of S-D, S-R, and R-D links are denoted with
hS D, hS R, and hRD, while ΩS D, ΩS R, and ΩRD, denote correspond-
ing average powers, respectively. As it is assumed that the path
loss of the S-D link is higher the path loss of the S-R link, we are
observing the case when stands ΩS D < ΩS R. The system model of
NOMA-based CRS is showed in Fig. 1. The advantage of such ar-
chitecture comes from the ability that system is capable of receiv-
ing distinct signals in distinct time slots at the destination, so it can
outperform the traditional CRS system throughput performances,
as illustrated in Kim & Lee (2015). Namely, NOMA-based CRS
transmits two signals in two slots, so it easily outperforms tradi-
tional CRS concept that only transmits one signal during time.

Figure 1. NOMA-based CRS scheme.

The source transmits in the first time slot the superposition
of two distinct symbols: s1 and s2, to both R and D. Allow us rep-
resent i-th transmittion symbol with si, whose normalized power
is E(|si|

2) = 1, while let Pt denote the total transmit power, ai

the power allocation coefficient, where stands a1 + a2 = 1, and
a1 > a2, due to ΩS D < ΩS R. At the destination only symbol s1 is
decoded, while symbol s2 is observed as noise, so R acquires sym-
bol s2 using SIC. In the second time slot, R only transmits to D the
decoded symbol s2 with total power Pt, assuming that R have per-
fectly decoded symbol s2 at first time slot. Therefore, the received
signals rsr and rsd in the first time slot, and the received signal in
the second time slot, rrd, can be represented as:

t =
√

a1Pt s1 +
√

a2Pt s2,

rsr = hsrt + nsr,

rsd = hsdt + nsd,

rrd = hrdPt s2 + nrd, (1)

where nS R, nRD and nS D denote the additive white Gaussian noise
(AWGN) of zero mean and variance σ2. Consequently, signal-to-
interference plus noise ratios (SINRs) of symbols s1 and s2 at the

relay can be represented as:

γ1
sr =

|hsr |
2a1Pt

|hsr |
2a2Pt + σ2 ,

γ2
sr =
|hsr |

2a2Pt

σ2 ,

γsd =
|hsd |

2a1Pt

|hsd |
2a2Pt + σ2 ,

γrd =
|hrd |

2Pt

σ2 . (2)

Achievable rate analysis

Here we will consider the average achievable rate of signals
s1 and s2. Let λS D = |hS D|

2, λS R = |hS R|
2, λRD = |hRD|

2, and
ρ = Pt/σ

2, where ρ denotes the transmit SNR. Since both signals,
s1 and s2, should be successfully decoded at both relay and the
destination then corresponding rates of these two signals should
be lower than the rates of both links, and therefore achievable rate
can be observed as the minimum of the rates of two different links.
Based on above-mentioned the achievable rates Cs1 and Cs2 of sig-
nals s1 and s2 could be respectively expressed as:

Cs1 =
1
2

min{log2(1 + γsd), log2(1 + γ1
sr)}

=
1
2

(
log2(1 +min{λsd, λsr}ρ) − log2(1 +min{λsd, λsr}ρa2)

)
;

Cs2 =
1
2

min{log2(1 + γrd), log2(1 + γ2
sr)}

=
1
2

log2(1 +min{a2λsr, λrd}ρ),

(3)

There arises a necessity to observe scenario when obsta-
cles block the LOS link in between relay nodes and LOS sig-
nal fluctuations are affected by shadowing effect. Various studies
have demonstrated that the Rician-Shadowed fading model pro-
vides a good match to 5G channel estimations in a various prop-
agation cases, and spreads wide scope of fading conditions from
strong LOS fading model to heavy shadowed NLOS model, and in
that way Rician-Shadowed offers a possibility to characterize fad-
ing environments which are more intense than those characterized
by the Rician fading model. PDF of Rician-shadowed distributed
SNR can be presented as Panic et al. (2013):

fλi (λi) =
mmi

i (1 + κi)
(κi + mi)mi x̄i

exp
(
−

(1 + κi)λi

x̄i

)
×1F1

(
mi, 1,

κi(1 + κi)λi

x̄i(mi + κi)

)
, (4)

where 1F1(x) represents the confluent hypergeometric function of
first kind Gradshteyn & Ryzhik (2007), parameter 2bi denotes the
average power of scatter component, while parameter mi expresses
fading severity magnitude. Further, parameter κi defines the ra-
tio of powers, κi = Ωi

2bi
, Ωi stands for the average power of LOS

component, while x̄i, x̄i = E[Xi], represents average channel SNR
value. Rician-Shadowed link parameter values for corresponding
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shadowing mode are provided in Abdi et al. (2003) as: heavy shad-
owing (mi = m j = 0.739, bi = b j = 0.063, κi = κ j = 0.00711,
x̄i = x̄ j = 8.97×10−4), average shadowing (mi = m j = 10.1, bi

= b j = 0.126, κi = κ j = 4.0828, x̄i = x̄ j = 0.835), overall shad-
owing (mi = m j = 5.21, bi = b j = 0.251, κi = κ j = 0.55387, x̄i

= x̄ j = 0.278) and light shadowing (mi = m j = 19.4, bi = b j =

0.158, κi = κ j = 2.64241, x̄i = x̄ j = 1.29). Following Popovic et al.
(2011), we can express the cumulative distribution function (CDF)
of z = min{λi, λ j}, (i, j) ∈ (S D, S R,RD) as:

Fz(z) = 1 − P(λi > z)P(λ j > z) =
1 − (1 − P(λi < z))(1 − P(λ j < z)) =
= Fλi (z) + Fλ j (z) − Fλi (z)Fλ j (z) =

1 −
∑∞

p=0
∑p

l=0
miκ

p
i (1+κi)lΓ(mi+p)zl

(κi+mi)mi x̄i
lΓ(mi)(p!)2l! exp

(
−

(1+κi)z
x̄i

)
×

∑∞
q=0

∑q
s=0

m jκ
q
j (1+κ j)sΓ(m j+q)zs

(κ j+m j)
m j x̄ j

lΓ(m j)(q!)2 s! exp
(
−

(1+κ j)z
x̄ j

)
,

(5)

where γ(a, x), denotes lower incomplete Gamma function Grad-
shteyn & Ryzhik (2007).

Now, in order to escape from the usage of the Gauss-
Chebyshev approximation, that is heavily conditioned on the order
of approximation, and in order to acquire closed form solution for
achievable rate expressions over Rician-Shadowed fading chan-
nels, we must define expression for Cs1 :

Cs1 =
1
2

∫ ∞

0

(
log2(1 + z1ρ) − log2(1 + z1a2ρ)

)
fz(z)dz, (6)

and derive closed-form expressions based on the PDF expression
of z = min{λi, λ j}, (i, j) ∈ (S D, S R,RD), that is expressed accord-
ing to (5) as:

fz(z) = fλi (z) + fλ j (z) − fλi (z)Fλi (z) − fλ j (z)Fλi (z). (7)

By replacing (4) and (5) in (7), and carrying out some ba-
sic mathematical manipulations, namely by presenting lower in-
complete gamma function, γ(a, x), in the form of hypergeomet-
ric function 1F1(a, b, x), by using (§8.351.2) from Gradshteyn &
Ryzhik (2007) and capitalizing on series representation, given
with (9.210/1) from Gradshteyn & Ryzhik (2007), and beyond by
noticing that logarithmic function can be represented through Mei-
jer G function by using (11) from Gradshteyn & Ryzhik (1990):

ln(1 + x) = G2,2
1,2

(
1, 1
0, 0

∣∣∣∣∣x) , and finally by using the expression, (27)

from Gradshteyn & Ryzhik (1990):∫ ∞

0
x−α exp (−ωx) Gm,n

p,q

(
ap

bq

∣∣∣∣∣ηx) dx = (8)

ωα−1Gm,n+1
p+1,q

(
α, ap

bq

∣∣∣∣∣ ηω
)
,

expressions for achievable rates can now be expressed in the form
of I1(ρ) and I1(ρa2), through Meijer G function infinite series sums
as:

Cs1 = I1(ρ) − I1(ρa2), (9)

where only 15-25 terms should be summed in both infinite sum
to attain accuracy at 4th significant digit. In similar manner Cs2

can be presented through rapidly-converging Meijer G function
infinite series sums, beginning from

Cs2 =
1
2

∫ ∞

0

(
log2(1 + yρ

)
fy(y)dy, (10)

by using the fact that variable y can be expressed as
y=min(a2λsr, λrd), when acquiring its CDF and PDF.

In presented expressions for Cs2 and I1(ρ), given with
Eq.(11), factor (a)n stands for the Pochhammer symbol, defined
in ((6.1.22) from Gradshteyn & Ryzhik (2007).

Cs1 =
1

2ln2
∑∞

q=0
∑∞

p=0
∑p

l=0
mim jκ

q
j κ

p
i Γ(mi+p)Γ(m j+q)(1+κi)l(1+κ j)q+1 x̄i

q+1 x̄ j
l

(κi+mi)mi (κ j+m j)
m jΓ(mi)Γ(q)(p!)2(q!)2l!((1+κi)x̄ j+(1+κ j)x̄i)q+l+1

×

(
ρG3,2

1,3

(
−q − l, 1, 1

1, 0

∣∣∣∣∣ ρx̄i x̄ j

(1+κi)x̄ j+(1+κ j)x̄i

)
− aρG3,2

1,3

(
−q − l, 1, 1

1, 0

∣∣∣∣∣ aρx̄i x̄ j

(1+κi)x̄ j+(1+κ j)x̄i

))
+

1
2ln2

∑∞
q=0

∑∞
p=0

∑q
s=0

mim jκ
q
j κ

p
i Γ(mi+p)Γ(m j+q)(1+κi)s(1+κ j)p+1 x̄i

p+1 x̄ j
s

(κi+mi)mi (κ j+m j)
m jΓ(mi)Γ(q)(p!)2(q!)2 s!((1+κi)x̄ j+(1+κ j)x̄i)p+s+1

×

(
ρG3,2

1,3

(
−p − s, 1, 1

1, 0

∣∣∣∣∣ ρx̄i x̄ j

(1+κi)x̄ j+(1+κ j)x̄i

)
− aρG3,2

1,3

(
−p − s, 1, 1

1, 0

∣∣∣∣∣ aρx̄i x̄ j

(1+κi)x̄ j+(1+κ j)x̄i

))
;

Cs2 =
1

2ln2
∑∞

q=0
∑∞

p=0
∑p

l=0
mim jκ

q
j κ

p
i Γ(mi+p)Γ(m j+q)(1+κi)l(1+κ j)q+1 x̄i

q+1 x̄ j
laq+1

(κi+mi)mi (κ j+m j)
m jΓ(mi)Γ(q)(p!)2(q!)2l!((1+κi)x̄ j+(1+κ j)x̄ia)q+l+1

(
ρG3,2

1,3

(
−q − l, 1, 1

1, 0

∣∣∣∣∣ aρx̄i x̄ j

(1+κi)x̄ j+(1+κ j)x̄i

))
+

1
2ln2

∑∞
q=0

∑∞
p=0

∑q
s=0

mim jκ
q
j κ

p
i Γ(mi+p)Γ(m j+q)(1+κi)s(1+κ j)p+1 x̄i

p+1 x̄ j
sap+1

(κi+mi)mi (κ j+m j)
m jΓ(mi)Γ(q)(p!)2(q!)2 s!((1+κi)x̄ j+(1+κ j)x̄ia)p+s+1

(
ρG3,2

1,3

(
−p − s, 1, 1

1, 0

∣∣∣∣∣ aρx̄i x̄ j

(1+κi)x̄ j+(1+κ j)x̄i

))
;

(11)

NUMERICAL RESULTS

Rician-Shadowed fading severity over corresponding relay
links can be defined through set of parameters (mi, bi, κi, x̄i)
i ∈ (RS , S D,RD), while as explained in Panic & Jayakody
(2019) a represents the power allocation coefficient. Parameter x̄i,

i ∈ (RS , S D,RD), denotes the average power gains of links S-D,
S-R, R-D, mostly mirroring the impact of relay node lengths.
Since is assumed that the S-R and R-D distances are generally
smaller than the S-D distance, then links S-R and R-D should
have larger average power gains than S-D link, which corresponds
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to values of x̄S D < x̄S R ≤ x̄RD.
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Figure 2. Achievable rates for the CRS NOMA over Rician-
Shadowed fading channels.
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Figure 3. Achievable rates for the CRS NOMA over Rician-
Shadowed fading channels.

At Fig. 2 the achievable rate performances of s1, s2 are
presented along with the equivalent sum rate of the CRS NOMA
in the function of the power allocation coefficient a. We have
predefined SNR value to SNR=20 dB, x̄S D = 2, x̄RS =x̄RD = 10,
and Rician-Shadowed channel conditions of light shadowing and
overall shadowing. As expected, when a parameter increases,
signal s2 reaches more power so its achievable rate consequently
increases, while simultaneously corresponding achievable rate of
signal s1 will decrease. Sum rate of two signals will first increase
and then will further decrease with the growth of a parameter
values. It can be seen that for smaller a values the achievable rate
of signal s2 is mostly influenced by link S-R, since a2λS R < λRD.

Because of SIC, signal s2 would have no interference in S-R link,
so increase in a would lead to increase the achievable rate of signal
s2, and consequently to increase in total sum rate. Afterwards,
when a increases, aλS R becomes than λRD, so the rate of link
R-D will becomes the uppermost reason, which would cause that
achievable rate of signal s2 finally could not recompense for the
decrease of s1 achievable rate, so total rate would also notably
decrease. We can observe from figure that there lays an optimal
power allocation coefficient that can be used to maximise the sum
rate.

Fig. 3 presents the achievable rates of the NOMA-based
CRS against the transmit SNR, for Rician-Shadowed channel con-
ditions of heavy shadowing and average shadowing where we set
a = 0.4, x̄S D = 2, x̄RS= 10, and x̄RD = 15. As expected it is obvious
that better results are received for average shadowing condition
case.

CONCLUSION

In this work, we have carried out performance analysis of
NOMA based CRS over Rician-Shadowed fading channels and
presented the exact analytical expressions of the achievable rates.
Expression have been provided in the form of Meijer G function
infinite-series sums that rapidly converge.Numerical results have
been delivered and analyzed in the function of Rician-Shadowed
fading severity parameters.
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